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Abstract: Shear layer instabilities play a critical role in the formation of vortices and the onset of
turbulence, significantly impacting atmospheric and oceanic phenomena. Accurate forecasting of weather
and prediction of tsunamis rely on understanding these instabilities. This research investigates the stability of
a shear layer confined between two semi-infinite fluid layers. The shear layer exhibits a linear velocity
profile, while the surrounding layers maintain uniform velocities. Utilizing the shallow water equations, we
analyze the stability of the fluid interfaces. The resulting dispersion relation, relating wave frequency to other
wave characteristics, involves Whittaker functions and their derivatives. By analyzing the appropriate limits
of these functions, we gain insights into the stability behavior of the system. This study contributes to a
deeper understanding of shear layer instabilities and their crucial implications for various natural processes.

Index Terms - Shear Layer Instabilities, Turbulent , Vortices, Atmospheric Flows, Oceanic Flows,
Weather Forecasting, Tsunami Prediction, Semi-infinite Layers, Shallow Water Equations,
Whittaker Functions, Stability Analysis.

|. INTRODUCTION

Hydrodynamic stability encompasses a wide range of instabilities, including barotropic instability, which
arises in constant-density fluids due to shear. A prominent example is the Kelvin-Helmholtz instability
(KHI), often modeled as a vortex sheet. While the KHI is always unstable in incompressible fluids,
compressibility effects can stabilize it when the velocity difference exceeds a critical value. Analogously,
in shallow water systems, Bazdenkov and Pogutse demonstrated that a tangential discontinuity can be
stabilized for Froude numbers exceeding 8. This critical value mirrors that found in compressible fluids.
Recent studies have explored the influence of factors like bottom drag, side walls, and depth differences
on shallow water stability. However, these studies often focus on idealized scenarios, such as tangential
discontinuities. In reality, shear layers have finite thickness, which significantly impacts their stability.
This study investigates the stability of a shear layer with finite thickness between two semi-infinite layers
of a shallow water flow. By analyzing the resulting Whittaker equation and its solutions, we explore how
the finite thickness modifies the stability properties observed in idealized models, including the influence
of compressibility effects and the role of over-reflection mechanisms.

Il. LITERATURE REVIEW

The study of shear-driven instabilities in fluid layers has been a cornerstone of fluid mechanics, with its
implications spanning across aerospace engineering, meteorology, and industrial applications. A significant
body of work has been dedicated to understanding the mathematical frameworks, mechanisms, and
controlling factors of these instabilities. The Kelvin—Helmholtz instability is one of the most studied shear-
driven instabilities, arising at the interface between two fluids with different velocities. Classical studies
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have demonstrated the critical role of velocity shear and density differences in triggering the rolling-up of
vortices at the interface (Chandrasekhar, 1961). Analytical approaches to study this instability often involve
solving the linearized Navier-Stokes equations under inviscid assumptions, although recent studies have
extended these analyses to include viscosity effects (Miles, 1957).Another critical pathway for the transition
to turbulence in shear flows is through Tollmien—Schlichting (T-S) waves. These streamwise instabilities
occur in boundary layers and have been mathematically studied using the Orr—Sommerfeld equation
(Schlichting & Gersten, 2000). Spectral methods have been particularly effective in analyzing the stability
and growth rates of these waves, leading to significant advances in understanding how surface roughness
and external disturbances amplify perturbations (Henningson, 1996).The Navier-Stokes equations remain
central to the mathematical modeling of shear-driven instabilities. Linear stability analysis has been
extensively applied to derive the critical conditions for instability onset, while nonlinear analyses reveal the
progression toward fully developed turbulence (Drazin & Reid, 2004). Recent advancements have included
the use of high-order numerical schemes and machine learning techniques to improve the accuracy of
stability predictions in complex geometries (Zaki, 2013).Studies on instabilities in multi-layered fluid
systems have gained prominence due to their relevance in industrial processes and geophysical flows.
Banerjee and Mandal (2023) investigated shear-driven instabilities in the presence of a floating elastic plate,
revealing how viscosity and structural rigidity affect flow behavior. Similar studies in stratified flows have
highlighted the influence of density stratification and shear on instability growth, expanding the
applicability of classical models (Thorpe, 1987).Shear-driven instabilities are pivotal in a wide range of
natural and engineered systems. In atmospheric and oceanic sciences, these instabilities are responsible for
the generation of large-scale vortices and mixing, influencing weather patterns and ocean circulation
(Pedlosky, 1987). In engineering, controlling these instabilities is crucial for optimizing pipeline flow,
improving heat transfer efficiency, and enhancing mixing in reactors (Smits & Dussauge, 2006).Recent
research has explored the interaction of shear instabilities with complex boundary conditions and non-
Newtonian fluids. Computational fluid dynamics (CFD) methods have been employed to simulate shear
instabilities with unprecedented accuracy, while machine learning models are being developed to predict
instability thresholds in real-time systems (Vinuesa et al., 2022). These advancements are paving the way
for new applications and a deeper understanding of the fundamental physics of shear-driven flows.

I11. IMPLEMENTATION OF SPECTRAL METHODS FOR EIGENVALUE PROBLEMS

The paper discusses the Chebyshev collocation method, a spectral method widely used for solving
eigenvalue problems in fluid mechanics, particularly for stability analyses of shear flows. Below are the key
steps and features:
i.Problem Setup
The governing equations for the perturbation streamfunction and surfactant concentrations are linearized
and formulated into eigenvalue problems.

A normal mode form of disturbances is assumed:

f(x,y, t) =f~(y) *exp[i *k * (x - ¢ * 1)]

where Kk is the wave number, c is the complex wave speed, and f~(y) are the eigen functions

ii. Chebyshev Collocation Method

The fluid domain is mapped to a canonical domain (y € [-1, 1]) using Chebyshev polynomials for
discretization.

For multi-layered fluid systems, the interface is carefully positioned in the domain, and boundary conditions
are imposed at the walls and far-field limits.

iii. Boundary Conditions
a. Atthe Wall (y =0):

e No-slip condition: u = 0 (tangential velocity component is zero)
e No-penetration condition: v = 0 (normal velocity component is zero)
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b.

At the Interface (y = h(x, t)):

Continuity of velocity:
o Tangential velocity components are continuous across the interface.
o Normal velocity components are continuous across the interface.
Continuity of stress:
o Tangential and normal stress components are continuous across the interface.

Interfacial Phenomena:
Surfactant dynamics: The evolution of surfactant concentration at the interface is considered.

Marangoni effects: Surface tension gradients arising from variations in surfactant concentration are
included in the analysis.

iv. Eigenvalue Problem Formulation

a. Governing Equations:

o The governing equations describing the fluid flow (e.g., Navier-Stokes equations) are
considered.

o Normal Mode Assumption: This involves assuming that perturbations to the base flow have
a specific spatial and temporal dependence. This simplifies the equations by reducing the
number of independent variables.

o Linearization: The governing equations are linearized by neglecting higher-order terms in
the perturbation quantities. This approximation is valid for small perturbations.

b. System of ODEs:

o After applying the normal mode assumption and linearization, the governing equations are
transformed into a system of coupled ordinary differential equations (ODEs). These ODESs
describe the evolution of the perturbation quantities in the direction perpendicular to the
flow.

c. Matrix Form:

o The system of ODEs is then discretized, typically using numerical methods such as finite
differences or spectral methods.

o This discretization process leads to a matrix equation of the form: M * x = 0 where: - M is
the coefficient matrix. Importantly, M depends on the eigenvalue c. - x is the vector of
unknowns. These unknowns could represent quantities such as streamfunction coefficients,
surfactant concentration, or other relevant variables.

d. Eigenvalue Solution:

To determine the stability of the flow, the eigenvalue problem M * x = 0 is solved.
The eigenvalues c provide information about the growth or decay of the perturbations.

e. Stability Criterion:

o Instability: If any eigenvalue ¢ has a positive imaginary part (Im(c) > 0), it indicates that the
corresponding perturbation grows exponentially with time. This signifies an unstable flow.

o Stability: If all eigenvalues have negative or zero imaginary parts, the perturbations decay or
remain constant, and the flow is considered stable.
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v. Numerical Solution
The eigen value problem is solved using spectral collocation methods:

o The Chebyshev polynomials are evaluated at Gauss-Lobatto points to minimize numerical errors.

e A large aspect ratio domain (y€[0,100]) is often used to approximate far-field conditions for semi-
infinite flows.

o For systems involving surfactant solubility, special attention is given to the flux conditions at the
interface, which involve Airy functions in some cases.

1V. COMPUTATIONAL DOMAIN AND BOUNDARY CONDITION SETTINGS
I. Computational Domain
The domain consists of two fluid regions separated by an interface at y=h(x,t)

e Two Fluid Regions:
o Region 1 (Lower Fluid):
= A thin liquid layer with finite thickness (0 <y < ho)
= Contains surfactant
= Bounded below by a solid wall at y = 0.
o Region 2 (Upper Fluid):
= A semi-infinite fluid layer (y > ho)
= Extends upwards indefinitely.
e Interface:
o Located at y = h(X, t), where h(x, t) represents the time-dependent interface position.

ii.Boundary conditions
a. Lower Wall (Solid Boundary at y=0)

e No-slip condition:
o ul = vl =0
o This ensures that the fluid velocity at the wall is zero, reflecting the adherence of the fluid to
the solid surface.
e No-penetration condition:
o The vertical velocity component (v1) is zero.
o This condition implies that the wall is impermeable, and no fluid can pass through it.

b. Far-Field Condition (Upper Boundary at y=n)

e u2, v2 - 0 as y - n

e This condition states that the velocities in the upper fluid tend to zero as the distance from the
interface increases. This is a reasonable assumption for many flow scenarios where the influence of
the interface diminishes significantly far away.

c. Interface (at y=h(x,t))

« Kinematic condition:
o ht = vl - ul * hx
o This equation describes the motion of the interface. The interface moves with the local fluid
velocity, ensuring that the interface remains a material surface.
o Continuity of velocity:
o ul = u?2
o vl = v2
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o These conditions ensure that the tangential and normal components of the velocity are
continuous across the interface, preventing any abrupt changes in fluid motion at the

interface.
e Continuity of stresses:
o [-p + 2p du/dy] 172 = -y hxx
o [p (du/dy + dv/ox)] 172 = -9vy/dx

o These equations ensure that both the normal and tangential stresses are balanced at the
interface. This is crucial for maintaining mechanical equilibrium at the interface.

d. Surfactant Transport Conditions (at y=h(x,t))

o Surfactant concentration on the interface:
o 9T'/dt + ul aT'/9x = Ds 92T'/9x? - Jb
o This equation describes the evolution of the surfactant concentration on the interface. It
accounts for convection (transport due to fluid motion), diffusion along the interface, and
adsorption/desorption fluxes.

e. Bulk Surfactant Concentration (Lower Fluid)

« Advection-diffusion equation:
o 9C/dt + ul aC/9x + vl 4C/8y = Db (82C/9x? + 82C/ay?)
o This equation governs the transport of surfactant in the bulk fluid, considering both advection
(transport due to fluid flow) and diffusion.
« No flux condition at the wall (y=0):
o 9C/dy = 0
o This condition ensures that there is no surfactant flux across the lower wall.
o Flux balance at the interface (y=h(x,t)):
o Jb = [Db 9C/dy] y=h
o This equation ensures that the flux of surfactant from the bulk fluid to the interface is
balanced by the adsorption/desorption flux at the interface.

iii. Numerical Validation

e The computational domain size (n) is chosen large enough to ensure that boundary effects from the
truncated far-field region are negligible.

« Sensitivity studies are conducted to verify that the numerical results are independent of domain size
and grid resolution.

V. MATHEMATICAL FRAMEWORK
i. Governing Equations

a. Navier-Stokes Equations:

The fluid motion is governed by the incompressible Navier-Stokes equations for
conservation of mass and momentum:

V-u\=0,p(ot/0u+tu-Vu)\=—Vp+uv2u
b. Orr-Sommerfeld Equation:
For linear stability analysis, the Navier-Stokes equations are linearized and reduced to the
Orr—Sommerfeld equation:

(D2—k?)%¢—ikRe[(U—c)(D?*—k?)$—U"$]=0,

¢ is the streamfunction,U(y) is the base flow profile,c is the wave speed.k is the wavenumber,
Re is the Reynolds number,D = d/dy is the differentiation operator with respect to the y-coordinate
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ii. Assumptions and Boundary Conditions
e Assumptions

e Flow is incompressible and laminar.

e Fluids are Newtonian with constant density and viscosity.

e Surface tension varies due to surfactant concentration at the interface.
e Linear perturbations are considered for stability analysis.

e Boundary Conditions
e Wall Boundary (y=0y = 0y=0):
No-slip (u=v=0u = v = Ou=v=0) and no-penetration conditions.

e Far Field (y—oy \to \inftyy—o0):
Velocities decay to zero.

e Interface (y=h(x,t)y = h(x, t)y=h(x,t)):
o Kinematic condition: ht=vi—uz hx.
o Continuity of velocity and stress, with Marangoni effects included.
o Surfactant transport satisfies a convection-diffusion equation.
iii. Linear Stability Analysis and Normal Mode Decomposition
The flow variables are decomposed into a base state and small perturbations:
fOGY, D\ (y)+F~(y)e'

where f~(y) represents the perturbation amplitude, k is the wavenumber, and o is the complex frequency.

Substituting this decomposition into the governing equations linearizes the system and transforms it into an
eigenvalue problem:

M-x=Ax
where M is the coefficient matrix, A is the eigenvalue, and X represents the eigenfunctions.
iv. Asymptotic Methods for Long-Wave Approximations

« For long-wavelength disturbances (k< 1), asymptotic expansions are applied to derive
approximations for the wave speed ccc:

c=c0+kcl1+0(k2),
where c0 and clrepresent the leading-order and first-order corrections.
e The growth rate is approximated as:
A=k? Im(cl)

« These methods provide analytical insights into the behavior of instabilities in limiting cases,
complementing numerical results.
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V1. CONCLUSION

This study presents a comprehensive mathematical investigation of shear-driven instabilities in fluid
layers, emphasizing the role of key parameters such as viscosity contrasts, surface tension, and surfactant
solubility. The governing equations, including the Navier-Stokes and Orr—Sommerfeld equations, form
the backbone of the analysis, supported by linear stability theory and asymptotic methods for long-wave
approximations.The results demonstrate that the onset of instability is heavily influenced by the interplay
of interfacial dynamics and shear stresses, with stabilizing or destabilizing effects dictated by physical
parameters like Marangoni forces and perturbation growth rates. The inclusion of surfactant solubility
reveals its dual role in either stabilizing or destabilizing the flow, depending on the system configuration.
Numerical solutions obtained via spectral methods validate theoretical predictions and provide detailed
insights into the behavior of instabilities under varying conditions.These findings have significant
implications for understanding and controlling shear-driven instabilities in practical applications, ranging
from industrial processes to geophysical flows. Future research could focus on extending the framework
to include three-dimensional effects, non-Newtonian fluids, and time-dependent boundary conditions for a
more comprehensive understanding of shear-driven phenomena.This work advances the mathematical
modeling of fluid instabilities and sets the stage for further exploration of complex interfacial dynamics in
multiphase systems.
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