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Abstract: The purpose of this paper is to introduce the notion of (1,2)b-connectedness and (1,2)b —
Compactness and their properties by using (1,2)b-open and (1,2)b -closed sets for bitopological spaces. We
will investigate several results in (1,2)b-connectedness and (1,2)b —Compactness for subsets in
bitopological spaces.
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1. INTRODUCTION

The notion of bitopological spaces was first introduced by Kelly [5]. Let (X, 7;,7,) be a bitopological
space. For a subset A of X, the interior (resp., closure) of A with respect to z; will be denoted by int;(A)
(resp. Cl;(A) ) for i = 1,2. The notion of b-open set was introduced in [1]. In particular, we will discuss the
relationship related to b-connectedness between the topological spaces and bitopological space. That is, In
addition, we introduce the result which states that a bitopological space (X, 7,, 75) is(1,2)b-connected if and
only if X and ¢ are the only subsets of X which are (1,2)b-clopen sets. Moreover, we have proved some
results in compactness also. Altogether, several results (1,2)b-connectedness and compactness in a
bitopological space have been discussed.
2.PRELIMINARIES

Throughout this paper, i,j € {1,2}, i #j and (X,74,7,) and (Y,t,,7,) stand for bitopological
spaces with no separation axioms assumed unless otherwise mentioned.
Definition 2.1

Let (X,74,7,) be a bitopological space. A subset A of X is called (1,2)b-open if AC
int,(cl,(A))Ucl,(int,(A)) and the complement X — A of a (1,2)b- open set A is called (1,2)b-closed.
Example 2.2

LetX ={a,b,c}, 7, = {X,0,{a}, {b}.{a, b}}, T, = {X,0,{b},{c},{b.c}}.
The Collection of (1,2)b-open sets of X ={X, @, {a}. {b}, {a, b}, {b, c}}.
Definition 2.3

Let (X, 74,72) be a bitopological space. A subset A of X is called (1,2)b-closure if the intersection
of all (1,2)b-closed sets containing A. Which is denoted by bCl,(A).
Remark 2.4

bCl,(A) is the smallest (1,2)b -closed set containing A.
Definition 2.5

Let (X,74,7,) be a bitopological space. A subset A of X is called (1,2)b-interior if the union of all
(1,2)b-open sets contained in A. Which is denoted by bint,(4).
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Remark 2.6
bint,(A) is the largest (1,2)b-open set contained in A.

Definition 2.7

The family of all (1,2)b-open (resp.(1,2)b-closed) sets in a bitopological space (X,7;,7,) will be
denoted by BO(X) (resp. BCI(X)).
Proposition 2.8

Let (X, T4, T,) be a bitopological space.

(i) The union of any family of (1,2)b -open sets is a (1,2)b -open set.
(ii) The intersection of a (1,2)b -open set is a (1,2)b -open set.

Lemma 2.10

Let (X, 74,72) be a bitopological space. The (1,2)b-closure of a subset A of X, denoted by bCl,(A)
is the set of all x € X such that Un A # @ for every U € BO(X,x), where BO(X,x) ={U:x€ U €
BO(X,1)}.
Definition 2.11

Let (X, 74, T,) be a bitopological space. The (1,2)b -boundary of a set A of a space X is defined by
(1,2)b — bd(A) = bCl,(A) N bCl,(X — A).
3.CONNECTED SPACE
Definition 3.1

Let (X, t4,7,) be a bitopological space. A subset A of X is called (1,2)b-Connected if X cannot be
expressed as the union of two nonempty disjoint sets A and B such (1,2)b -open sets of X.
Remark 3.2

If a bitopological space (X,74,7,) is (1,2)b-connected, then the topological spaces (X,t;) and
(X, t,) are (1,2)b-connected.
Definition 3.3

A topological space (X, t4,7,) is said to be (1,2)b-disconnected if X = A U B,where A and B are
any two non-empty (1,2)b-separated sets. Thus, X is (1,2)b-disconnected if

()X=ANnB
(ii)(A N bely(B)) U (B N bcly(A)) = @
Theorem 3.4

Let C be a (1,2)b-connected subset of a topological space (X,7;,7,) . LetX = AU B, where A and
B are (1,2)b-separated subsets of X.Then eitheror C € Aor C c B.

Proof
Let C be a (1,2)b-connected subsetof Xand X =AUB.=Cc X =AUB.
=>(CcAUB.
C=Cn(AUB)
C=CnNAUCNB)............... (1)

Since A and B are (1,2)b-separated sets. Hence and A N bcl,(B) = @ and B N bcl,(A) = Q.
Since is (1,2)b-connected. Hence, CNA =@ or C N B = @ [From (1)] . Therefore, C < B or Cc A.

Theorem: 3.5

Let C be a (1,2)b-connected subset of a space (X, t,,7,) and Let D be a subset such that ¢ D c
bcl,(C) . Then D is (1,2)b-connected.
Proof

To prove: D is (1,2)b-connected. Assume that D is (1,2)b-disconnected. Let D = A U B. Where A
and B are (1,2)b-separated subsets of . Then A = @ and # @ . Since C is (1,2)b-connectedand C c D. =
C c AU B. By theorem 3.4,Either C c A (or) C c B . Suppose c A .Then bcl,(C) c bcl,(4).=
bcl,(C) N B c bcl,(A) N B = @, Since A and B are (1,2)b-separated. But B € D and D < bcl,(C).

= BN D c Bnbcl,(C).
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Hence @ € B=B ND c B nbcl,(C) =@. Therefore, ® c B c @. = B = @. Which is a contradiction to
our assumption. Hence D must be (1,2)b-connected.

4.COMPACT SPACE
Definition 4.1

A collection {A,}.e Of subsets of a bitopological space (X,t,,7,) is said to be a (1,2) b- open
cover for X if U,e; A, = X and A, are (1,2) b-open sets in X for eacha € 1.
Definition 4.2

A bitopological space (X, t,,7,) is said to be (1,2) b-compact if every (1,2) b-open cover {A,} of
X contains a finite sub collection that also covers.
Theorem 4.3

Let Y be a subspace of X .Then Y is *b-compact if and only if every covering of Y by sets (1,2) b-
open in X contains a finite sub collection covering .
Proof

Let Y be a subspace of X .Suppose that Y is (1,2)b-compact. To prove: Every covering of Y by sets
(1,2)b-open in X contains a finite sub collection covering . Let V = (A,) be a covering of Y by sets
(1,2)b-open in . = A, is (1,2)b-open in X . = A, NYis (1,2)b-open in Y. Therefore, The collection
V, ={A, NnY € BO(X)} is covering of Y by sets (1,2)b-open in Y .Since Y is (1,2)b-compact. There exists

a finite sub collection A, NY, Ay, NY, ..., A, NY from V; such that
(Ag, NY)U (A, NY)U oo, Uy, NY) =Y
S Ay, VA, Ue. i TR
=Y c Ay U4y U..., .......Ud,,
Therefore, {Aq,, Aq,s v weennne, Ag, } COVErs Y. {Ay ,Ag,, v o e, Ag, 3 IS @ finite sub collection of V' that
covers .

Conversly, Suppose that every covering of Y by sets (1,2)b -open in X contains a finite sub
collection covering . To prove: Y is (1,2)b -compact Let {B, } be a covering of Y by sets (1,2)b -open in .
B, is (1,2)b-open in Y . = there exist a (1,2)b-open set A, in X such that B, = A, n'Y. Therefore B, c
A,for each a. Since { B,}isacover for .= Y =U B, cU 4,.

Therefore, {A,} is a cover for Y by sets (1,2)b-open in X . By our assumption there exists a finite

sub collection A, Ag,, e v wvv ., Ag, COVEriNg Y.
(ie) Y © Ag,UAg, U ...\ UA,
= (Ag, UAg, U oo ee .t UAg YNY =Y
(ie) By, UBg, U .......UB, =Y. Since By, = A, NY
Therefore,{B,, U By, U .......U B, _} is a finite sub collection of {B, } that covers . Therefore,

Every (1,2)b-open covering of Y has a finite sub collection covering . Therefore Y is (1,2)b-compact.
Preposition 4.3

Every (1,2)b-closed subspace of a (1,2)b-compact space is (1,2)b-compact.
Proof

Let X be a (1,2)b-compact space and Y be a (1,2)b-closed subspace of X . To prove: Y is (1,2)b-
compact. Let {B, } be a (1,2)b-open cover for Y . B, is (1,2)b-open
in Y. = there exists a (1,2)b-open set A, in X. such that B, = A, nY. B, c A, forall a.
=>U B, cU A,.{B,}isa (1,2)b-open cover for Y.

Y =UB, CUA,

Therefore, V = {A,} is a (1,2)b-open cover for Y with (1,2)b-open sets in . Since Y is (1,2)b-closed in .
Therefore, X —Y is (1,2)b-open in X . Consider V; =V U{(X —Y)}. V; is a (1,2)b-open cover for X.
Since X is (1,2)b-compact. There exists a finite sub
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collection V, = {Ay,, Ag,ys oo vovven-, A 3 from Vy that covers X LetV; =V, —{(X —Y)}. ThatisX - Y €
V, discard it. Now V3 covers Y. V; is finite = V3 is finite. V3 = {A,,, Ag,s v oo oon o, Ag, } 1S @ finite sub
collection that covers Y .
Ay, UAg, V... ... UA, DY
(Ag, VAg, U oo UA Y)NY =Y
By, UBy,U......UBy =Y

where B,, = Ay, NY. Therefore, {By , By, - .- ,Bg,,} is afinite sub collection
that covers Y. Therefore, Every (1,2)b-open covering of Y has a finite sub collection covering Y .
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