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Abstract: This paper presents LaSalle’s Invariance Principle as a generalized tool for analyzing the stability of
equilibrium points in linear differential equations. While Lyapunov's method is often used in stability analysis,
LaSalle's principle provides a more flexible framework by allowing non-strict Lyapunov functions to assess
stability. The paper discusses the theory behind LaSalle’s Invariance Principle and demonstrates its application
to linear systems through illustrative examples. This approach is particularly valuable in control theory,
mechanical systems, and other areas where energy dissipation and damping are significant factors.
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Introduction

Stability analysis plays a pivotal role in the study of linear differential equations, providing insights into
the behavior of dynamic systems over time. This is of particular importance in fields like control theory,
mechanical engineering, and applied mathematics, where ensuring the stability of systems is crucial for their
proper operation. Stability analysis helps to determine whether small perturbations in a system will dissipate
over time or cause the system to diverge from its equilibrium state, which could result in undesired or potentially
dangerous outcomes. One of the classical tools for stability analysis is Lyapunov's direct method, which relies
on the construction of a scalar function, known as a Lyapunov function. This function is used to measure the
"energy" of the system and how it evolves over time. For the system to be deemed stable, the Lyapunov function
must strictly decrease along the trajectories of the system, implying that the system is losing energy and
returning to its equilibrium state. However, this approach often imposes strict conditions, such as requiring the
time derivative of the Lyapunov function to be negative definite throughout the entire state space. These
requirements can sometimes limit the applicability of Lyapunov’s method, especially in cases where the
derivative of the Lyapunov function is zero or non-negative in certain regions of the system's state space.
LaSalle’s Invariance Principle offers a more flexible and generalized approach to stability analysis, particularly

in cases where the classical Lyapunov method fails to provide conclusive results. LaSalle’s principle allows for
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the use of non-strict Lyapunov functions, where the time derivative of the Lyapunov function may not be strictly

negative. Instead, the principle focuses on the system's invariant sets—subsets of the state space where the
system's trajectories remain over time. The principle states that, given a Lyapunov function that is non-
increasing, the system’s trajectories will eventually converge to the largest invariant set where the derivative of
the Lyapunov function is zero. This significantly extends the applicability of Lyapunov-based stability analysis
to systems that exhibit more complex behaviors.

LaSalle’s Invariance Principle provides two key insights: the existence of invariant sets and the
convergence of trajectories to these sets. This is particularly powerful in the analysis of both linear and nonlinear
systems, as it enables the study of system behavior in cases where the classical Lyapunov function approach
cannot conclusively determine stability. In linear systems, the principle helps to identify conditions under which

the system trajectories converge to an equilibrium point or a limit cycle, thereby ensuring stability.

The principle can be explained as follows: Consider a system of linear differential equations described
by a state vector x(t). To apply LaSalle's principle, one constructs a Lyapunov function V(x), which is a
positive definite scalar function of the system’s state. This function acts as a measure of the system's energy.
The time derivative of the Lyapunov function, V(x) is then calculated along the system trajectories. If V(x) <
0 in the entire state space, LaSalle’s principle ensures that the trajectories will converge to the largest invariant

set contained within the set where V (x) = 0.

Constructing a LaSalle’s Invariance Principle Function
To apply LaSalle’s Invariance Principle, the key step is to construct an appropriate Lyapunov function
V(x) that can be used to assess the stability of a system. Below is a structured approach to constructing a

LaSalle’s invariance principle function:

Step 1: Define the System
Consider a system described by a set of differential equations:
x = f(x) 1)
Where, x € R™ is the state vector, and f(x) is a continuous function describing the system dynamics.
Step 2: Choose a Lyapunov Function
To apply LaSalle’s principle, a Lyapunov function V' (x) must be selected. The choice of VV(x) depends on the

specific system under study, but it should satisfy the following properties:

e Positive Definite: V(x) > 0 for all x # 0, and V(0) = 0. This ensures that the function is a valid

S "

candidate for measuring the system’s "energy."
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Step 3: Compute the Time Derivative of V(x)

Once the Lyapunov function is selected, the next step is to compute its time derivative along the system

trajectories:

av(x) _

V) = ac

VW(x).x = VV(x).f(x) 2

where, VV (x) is the gradient of the IV (x) with respect to x, and x = f(x) is the time derivatives of state vector.
Step 4: Analyze the Sign of V(x)

LaSalle’s principle requires that V (x) be negative semi-definite, i.e., V(x) < 0. This ensures that the "energy"
measured by the Lyapunov function does not increase over time. If V(x) < 0, LaSalle’s principle can be applied
to conclude that the system trajectories will converge to the largest invariant set within the region where V (x) =
0.

Step 5: Identify the Invariant Set

Once V(x) < 0 is established, the next step is to identify the set where V (x) = 0. This set is called the invariant

set, and LaSalle’s principle states that the system’s trajectories will eventually converge to this set.
Example 1: 2D Stability using LaSalle’s Invariance Principle

To demonstrate 2D stability using LaSalle’s Invariance Principle, let's consider a two-dimensional linear system

described by the differential equations:

X1 = f1.(x1:x2) and x, = fz.(xllxz)

Now analyze the stability of this system at an equilibrium point, typically the origin (x,,x,) = (0, 0). Consider
a simple linear system,

X = —x1 + xy and X, = —x,. (a)

The system describes the behavior of two state variables x; and x, over time. A suitable candidate for the
Lyapunov function is

V(xy, xz) = x12 + x% (b)

This function is positive definite, meaning it satisfies V (x, x,) > 0 for all (x4, x;) # (0, 0) and V(0,0) = 0.
The Lyapunov function can be interpreted as measuring the "energy" of the system. Now applying LaSalle’s

Invariance Principle, we calculate the time derivative of the Lyapunov function along the system trajectories:

V(xy,xz) = %(xf +x3) = 2141 + 2%, (©)
Substituting the system equations x¥; = —x; + x, and X, = —x,, putting in the (c)

V(x1,%2) = 221 (=x1 + %) + 2x,(—x3)

V(xy,x;) = =2(xf — X1, + x5) (d)
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This is the time derivative of the Lyapunov function along the system trajectories. To apply LaSalle’s Invariance

Principle, we are interested in whether. For stability, V(x;,x,)must be negative semi-definite,
meaning V (xy, x,) < 0 for all (xy, x,). In this case:

V(xy, x2) = —2(xf — x1%3 + x3)

Although this expression is not strictly negative for all values of x; and x,, LaSalle’s principle allows us to
consider the invariant set where V (x;,x,) = 0. For this system V (x;,x,) = 0, if and only if

X1,=%X, =0 (e)

Thus, the only point where V(x;,x,) = 0is at the origin. According to LaSalle’s Invariance Principle, if
V(x;,x,) <0, the system's trajectories will converge to the largest invariant set within the region where
V(x;,x,) = 0. In this case, the largest invariant set is the origin (x;,x,) = (0,0). Therefore, the system

trajectories will converge to the origin, and the origin is asymptotically stable.
Example 2: 3D Stability using LaSalle’s Invariance Principle

LaSalle’s Invariance Principle can also be applied to analyze the stability of 3D systems of differential
equations. The process is similar to the 2D case, but with an additional state variable. Below is a structured
example that demonstrates how to apply LaSalle's Principle to a 3D system. Consider a 3D linear system
described by the following differential equations

X1 = —X1 + x5, X, = —x5 + x5 and X3 = —x3. (@)

This system describes the evolution of the state variables x,, x,and x5 over time.

As in the 2D case, we choose a candidate Lyapunov function for the 3D system. A common choice is a quadratic

function that sums the squares of the state variables:

V(x1,%2,%3) = %f + x5 +x3 (b))
This function is positive definite, meaning it satisfies V(xy,x,, x5 ) > 0 for all (x;, x5, x3) # (0, 0,0) and
17(0,0,0) = 0. Next, calculate the time derivative of the Lyapunov function along the system trajectories. Using

the chain rule

V(xy,%z,%3) = % (xf + x5 + x3)

Taking the derivative

V(xy, X0, %3 ) = 2X,%1 + 2Xp%5 + 2X3X3

Substituting the system equations xX; = —x; + x5, X, = —x, + x5 and X3 = —x3

V(x1,%2) = 201 (=1 + %) + 22, (=%, + x3) + 2x3(—x3)

V(x1,%;) = =2(x{ + X5 + x5 — 212, — XX3)

the above expression is not strictly negative for all values of x;,x,and x5, LaSalle’s principle allows us to
consider the set where V (xy, x5, x3 ) = 0. To identify the invariant set, we set V (x;, x,, x5 ) = 0.

For V (x4, x5, x3 ) = 0, the following conditions must hold x; = x, = x3 = 0.
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This implies that the largest invariant set where V (x4, x5, x3 ) = 0 is the origin (x;, x5, x3 ) = (0, 0,0). Since

V(x1,x5,x3 ) < 0 and the largest invariant set is the origin, LaSalle’s Invariance Principle guarantees that the

system trajectories will eventually converge to the origin. Therefore, the origin is asymptotically stable.

N o g b~ w

10.

Conclusion
Flexible Stability Analysis: LaSalle’s Invariance Principle provides a more flexible approach than
Lyapunov’s direct method, particularly in cases where the time derivative of the Lyapunov function is non-
positive rather than strictly negative.
Invariant Set Focus: The principle's focus on identifying the largest invariant set where the Lyapunov
function’s derivative is zero enables a broader understanding of system behavior and stability.
Asymptotic Stability: By using LaSalle’s Invariance Principle, it is possible to prove asymptotic stability
even when classical methods fail, as demonstrated in the 2D and 3D linear systems examples.
Applicability to Complex Systems: This method is particularly valuable for analyzing the stability of
complex dynamical systems, such as in control theory and mechanical systems, where classical Lyapunov
methods may be insufficient.
Extension to Non-Strict Conditions: LaSalle’s Invariance Principle proves effective when dealing with
systems that have non-strict conditions on the time derivative of the Lyapunov function, making it a
powerful tool in broader applications of stability analysis.
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