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Abstract: Several mathematical concepts share a common feature that acts as a link between them. One such
connection between the mathematical concepts of Group, Group Actions, and Homotopy is that they all
involve projective maps. This underlying commonality allows us to establish a relationship between them,
prompting a focused study of Group Actions and Homotopy to uncover this connection. While these concepts
have each been the subject of extensive individual research, there has been little effort to determine if one can
lead to the other and the conditions for such an interlinking function. Additionally, identifying Group Actions
can be more challenging than finding Homotopic maps. Therefore, we anticipate that discovering an interlink
could be beneficial. By relating these concepts on a common platform, we aim to determine if they can coexist
through a single function.

As a step in this direction, this paper is a part of the work that is about the condition for functions to be
Homotopic under a Group Action and conversely. Here we derive the condition for a Homotopy to induce a
group action. Our aim is to find a single map which can give rise to a Homotopy and-a Group Action
simultaneously. The extension of Homotopy to sets, vector-fields etc., serves to meet this purpose. Similarly,
we extend Group Actions to general sets (Set-Action). We obtain conditions for a Homotopy to be a group,
Action. This study serves as an approach to find Group Actions using existing Homotopy. Thus, we show
here that a Homotopy leads to group action between two functions with special properties and theorems on
these.

Index Terms —Homotopy, Group Action, Induced Homotopy, Induced Group Action, Linking Group Action
and Homotopy.

. INTRODUCTION

Symmetry appears throughout nature, mathematics, art and sciences. Symmetries are expressed
mathematically as groups. Symmetric transformations are expressed mathematically as the action of a group
on a set. For example, reflection across some axis and rotation by 180 degrees are distinct group actions of Z2
on the plane. To qualify as a group action of a group G, a set of operations must satisfy the defining laws of G
under composition [1,2]]. Groups have the power to move sets around — for instance when symmetric group
Sn (set of all bijections) permutes the set {1,2, ... n}. This is possible with the help of Group Actions. These
serve as useful tools when geometric objects with more symmetries are moved around. For instance, the
different ways to make a bracelet having three red beads, two blue beads and two white beads. This is found
to be carried out in 18 different ways which is cumbersome although possible through mere inspection [3]. The
higher numbers involved, results in complex calculations which is where Group Actions play a vital role.

Continuous deformation of a function from one topological space to another constitutes a Homotopy
between the two functions. We may relate the concept of Homotopy to image processing and animation. One
finds many applications like facial feature tracking with several models to handle shape variations [4,5]. We
would like to explore the application of Homotopy to such possibilities in future.
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Both the mathematical concepts of Group Action and Homotopy are in-depth fields of study in their own
respects. A natural question linking these two concepts is, how a Group Action can be transferred along a
Homotopy. Several Homotopy Group Actions have been realized [4]. But the question of finding and relating
these concepts to real problems or situations gave rise to the question of whether these concepts co-exist. This
lead to the question whether a single function can act as a Group Action and a Homotopy concurrently [6].

The motivation for our study is the unification of mathematical concepts of Groups, Group Actions and
Homotopy. We explore the possibility of unifying these concepts based on commonalities. In an attempt to
unify these concepts, our study aims at finding a single function which is a Group Action and a Homotopy
simultaneously. Thus, the need to generalize these concepts of Homotopy and Group Action to sets, vector-
fields etc. Although unification has not been studied so far, these may exist together in real time situations.
On one hand we would like to find the criteria for the existence of such a function and on the other we attempt
to interpret real time problems where this unification may exist. Our study is based on this idea to explore the
existence of such functions and the conditions to be met then [7].

The classical definition of Homotopy can also be interpreted as amalgamating two functions into one
specifically, if f and g are mappings from X — Y, then a Homotopy F is a mapping X x (0, 1) — Y such that
F (x, 0) = f(x) and F (X, 1) = g(x) which means F amalgamates f and g. A general set may not have a group
structure. If F, a projective map from X x (0, 1) — Y is a Homotopy between two functions 'f' and 'g": X =Y,
and if at all F induces a group action then it must induce a group structure on X, we work at this possibility.
Throughout this paper X and Y represent sets or topological spaces. We define the usual Homotopy and extend
it to define the same on sets, Vector-fields etc. [8]

Our study focusses on finding such a function and if it exists, what conditions does such a function satisfy.
For this we necessarily need a function which acts as Homotopy and a Group Action simultaneously. These
ideas guided the need to develop a unified theory linking the two mathematical concepts on a common platform.
This paper focusses on finding the conditions to be satisfied by such a function. If successful in developing
such theory, we anticipate to link these mathematical concepts to interpret real world problems [9].

Thus, the purpose of this paper is to explore the criteria a single function satisfies to be a Homotopy resulting
in a Group Action. This unification idea is a completely new approach and we anticipate this to help find
Homotopy leading to a Group Action. This paper contains section 1 on Introduction, section 2 deals with
preliminaries, section 3 on Main Results followed by section 4 stating precisely the need of this work presented
here. Section 5 is the concluding section.

Summarizing, this paper is a only a part of the work which focusses essentially on finding the condition
when the existence of Homotopy leads to a Group Action.

Il. PROPOSED METHODOLOGY

The proposed methodology for studying homotopy-inducing group actions involves a detailed analysis of
the underlying algebraic and topological structures. Initially, we will define the specific group actions on
topological spaces and identify the homotopy classes associated with these actions. This step includes the
examination of fixed points, orbits, and the impact of group elements on the topology of the space. We will
utilize tools from algebraic topology, such as homotopy groups and fundamental groups, to categorize and
analyze these actions.

Subsequently, we will apply computational methods to simulate and visualize the group actions on various
topological spaces. By leveraging software tools and algorithms, we can model complex spaces and observe
the effects of group actions in real-time. This computational approach will help in identifying patterns and
invariants that are difficult to discern analytically. Moreover, the methodology includes validating the
theoretical findings with practical examples and applications, ensuring that the proposed framework is robust
and applicable to real-world problems in fields like robotics, data analysis, and quantum computing.

I11. PRELIMINARIES

In this section we define basic concepts of Homotopy and Group Action along with their extensions.
2.1. Definition: Homotopy

The mappings f, g: X — Y are said to be homotopic if and only if there exists a continuous map F:X x (0,
1) — Y such that:

(1) F(x, 0) =f(x) and (ii) F(x, 1) =g(x), V x. Thenf=g. [1]

We extend this Homotopy replacing the interval [0, 1] by a general set resulting in the following definition.
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2.2. Definition: Set-Homotopy

Let f, g: X — Y. We say that the functions f, g are called set-homotopic or projection of sets if 3 a mapping
F: X x Z — Y where Z is some set (it could be a topological space or a group etc.,) such that F(x, a) = f(x) and
F(x, b) = g(x) where ‘a’ and ‘b’ are two fixed points of Z.

This definition is silent on the continuity of f, g and F because X, Y, Z are general sets and continuity cannot
be defined on these.

For applications of Homotopy to study Electrical and Magnetic fields we define what may be called vector
field Homotopy.
2.3. Definition: Vector-field Homotopy

Let VV and W be vector fields on E3. A vector-Field Homotopy is defined as the mapping F: E3 x I — T(E?3)
such that:

F is continuous and F (x, 0) = v(x), F(x, 1)=w(x); where v, w: E3— T(E?) i.e., v(x) and w(x) are tangents
to E3 at x.

We extend this to define Homotopy on three vector-fields.
2.4. Definition: 3-Vector field Homotopy

A 3-vector Field Homotopy is defined as the mapping F: X x | — Y where X = E3 and Y=T(E?3) satisfying:

(1) F(x,0)=v(x)

(2) F(x, 1/2) = w(x)

(3) F(x, 1) =z(x); wherev,w, z: E3 — T(E3)

The converse problem of amalgamating two functions i.e., splitting a function into 2 or more functions
is also important and finds many applications. In the first interpretation we seek to find a function which
amalgamates three functions which will help us to find a single force combining the electrical, magnetic and
gravitational fields. The converse interpretation is to find a function F which splits into three functions giving
the same application as above.

For this we define a 3-mapping Homotopy:

2.5. Definition: 3-mapping Homotopy

Let X and Y be two topological spaces. Let f, g, h: X — Y be continuous mappings. These functions are
said to be

3-Homotopic if 3 a continuous map F: X x [0, 1] — Y defined such that

() F(x,0) =f(x), (i) F(x,1)=9g(x) and (iii) F(x, 2) = h(x), ¥x € [0, 1].

Note: If X and Y are general sets, then we should drop the condition of continuity of F.
Example 1: An example is F(x, t) = f(x) +t (2 -t) g(x) - h(x)

Example 2: Let us define a 3-Homotopy with f(x) = x and g(x) = x2 as a 2-Homotopy. By adding a third
curve to the two Homotopy curves which may be obtained by the fact that it is path-Homotopic between (0,
0) and (1, 1) whose general equation isy = a(x — h)? + k

Thus we have the functions F,(x) = (1- t) x +t - (x2) [2]i.e., F,(X) = (x?)t— tx + x; where F,(0,t) =0 =

f(x) and
F; (1, 1) =1 =g(x) and h(x) are the values in the interval (0, 1) continuously.

2.6. Definition: Group Action

A group (G, f) is said to act on a set X if 3 a function F: G x X — X such that

(i) F (e, x) =xand (i) F(f(g1, g2), X) = F (91, F(g2 X))

We have the convention that g(x) = F(g, x) i.e., 'g' acts on x which we again write as g - x where ' is the
binary operation in G but note that g - X is not a group operation.

IV. RESULT & DISCUSION

In this section we define the concept of Group Action induced by Homotopy.
3.1.  Group Action induced by Homotopy:

Let F: G x [0, 1] — [0, 1] be the Homotopy between two functions, f, g: G — [0, 1] where G is a group-
Suppose F is also a Group Action then we say that F is an "Induced Group Action".
Thus, if a Homotopy F is also a Group Action then we say that "Group Action is induced by Homotopy".
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Theorem 3.1:

Let F: G x [0, 1] — [0, 1] be the Homotopy between two functions, f, g: G — [0, 1] where G is a group. If
G is also a Group Action, then it satisfies the conditions:

x - f(y) =f(x, y)

X g(y) =g, y)
Proof: Since F is a Homotopy and also a Group Action we have the following conditions:

F(e, x) =%, VX€(0, 1) }

F(hyh, %)= F(hy, F(hy %) § 77 since F is a Group Action; and

F(h, 0)=f(x) : .
F(h, 1)=g(x) } """""""" since F 1s a Homotopy

We now show that 'f' and 'g' satisfy the following conditions:

i  x-fly=1xy)
(i)  x-gy)=gXxy)
F(h,h,, 0) = F(hy, F(h,, 0)) ------- since F is a Group Action
.e., f(hy hy) = F(hy, f(hy))
= h, - f(h,) since F is a Group Action i.e., F(g, X) = g(x)

Observe that 'f' satisfies the same condition. Hence in general 'f' must satisfy the condition f(x, y) = x - f(y)
&IOR f(x +y) =x +f(y)

Similarly, 'g" also satisfies the condition g(x, y) = x - g(y) as F(hih,, 1) = hy (9(h3))

Theorem 3.2(Converse)

Statement: If f, g: G — [0, 1] are two functions such that they satisfy the conditions

x-f(y) =f(x,y)

x-g(y) =g(xy) and

F:G X [0,1] = [0, 1] be the Homotopy between the two functions ‘f and ‘g’, then F is also a Group Action.

Proof: Let F: G x [0, 1] — [0, 1] be the Homotopy between two functions, f, g: G — [0, 1] satisfying the

given conditions.

We need to show that:  F is a Group Action

Since F is a Homotopy, we have F(x, 0) = f(x) and F(x, 1) = g(x). Also fand g are functions satisfying
() x-f(y) =f(x, y)

(i) x-gly)=gxy), vx€(0,1)

Consider (e, x)

e-f(x) =f(e,x) =x

x-f(y) = f(x y)
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We define the mapping F: E3x [0, 1] » E3 by F(x,y) =x+y. We have F(e, 0) = f(e) ------ (a)
F(g1+ 920 =91+g+x o (1)
Also F(g1, F(g2, X))=F(g1, g2 +X) =g1 + g + X  ---------- (2)

Clearly from (1) and (2), it follows that F(g; + g,, X) = F(g1, F(g2, X))
Thus, Homotopy along with these additional conditions induces a Group Action. Hence the converse.
Note: On the existence and properties of 'f' and 'g': Any linear function F: G X [0, 1] — [0, 1] such that

F(x+y) =x+f(y) is the identity. It can be shown that non-linear functions exist with the above property

by using axiom of choice. Recently without using axiom of choice, one can construct such a function.
Corollary: Properties of the function 'f' such that f(x + y) = x + f(y) are as follows:

This function is controlled by f(0).

Function 'f' has the property of absorbing other elements.

'f' must act on a set to itself under these conditions group actions leads to Homotopy.

V. APPLICATION

The crux of our work is mainly to build a ground for a Unified theory approach establishing the co-existence
of Homotopy and Group Action on a single platform. The ease of defining a Homotopic map which in-turn
induces a Group Action helps to overcome the challenge of finding Group Actions individually. The need for
establishing such a co-existence in the real world will serve as an application in several complex mechanisms
present in nature. We try relating the co-existence of Homotopy and Group Actions to problems that can be
associated to the complex functioning of the human body especially in the human ear, the human heart or
tracking of facial features in the life span of an individual to construct an approximate future appearance after
a stipulated time due to ageing (i.e., the Homotopic Group actions facilitate to infer the facial features at an
early age/childhood and construct an image of the person’s face after passing of time, incorporating the changes
over a period of time due to the ageing factor). We aim to find one such real-time application of their co-
existence in our future work.

V1. CONCLUSION

This paper mainly focuses on interlinking Group Action and Homotopy. To establish the conditions
required we define "Induced Group Action”. This paper discusses the properties of a function as conditions for
Homotopy leading to group action. The main results, established as theorems, discuss the criteria to be met by
a function which acts as a Homotopy as well as a Group Action. We conjecture that additional conditions are
essential for a Homotopy to induce a Group Action as defined in this paper. We shall work on extending this
further to analyze the possibility of a group Action inducing a Homotopy and the required criteria. The
established facts are new ideas which we anticipate to open new horizons to explore in future. Further study
may help verify the possibility of interpreting real problems where the presence of either one of Homotopy or
Group Action, leads to the other. One may consider finding interpretations of the hearing loss analysis using
the idea presented in this paper.

VI1Il. FUTURE SCOPE

In future it is used for advancements in topological data analysis, applications in robotics for motion
planning, enhancements in understanding the symmetry properties of mathematical spaces, and potential
contributions to quantum computing through the study of topological phases and invariants.
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