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Abstract: - In this present paper, we prove some common fixed point theorems in TVS -valued cone
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comparable results in the existing literature.
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Introduction and preliminaries

Huang and Zhang [9] generalized the concept of a metric space, replacing the set of real numbers
by an ordered Banach space, and obtained some fixed point theorems for non linear mappings satisfying
different contractive conditions. Subsequently, Abbas and Jungck [2] and Abbas and Rhoades [1] studies
common fixed point theorems in cone metric space. Recently, Beg et al. [5] studied common fixed point of
a pair of maps on topological vector space (TVS) valued cone metric space which is the larger class than
that of introduced by Hang and Zhang [9]. Jungck [13] defined the pair of self mappings to be weakly
compatible if they commute at their coincidence points. In this paper, common fixed point theorems for
two pairs of weakly compatible maps, which are more general than R — weakly commuting and
compatible mappings, are obtained in the setting of cone metric spaces, without exploiting the notion of
continuity. It is worth mentioning that our results do not require the assumption that the cone is normal.
Our results extend and unify various comparable results in the literature ([2],[4],[7]).

The following definitions and results will be needed in the sequel.

Let E be always a topological vector space(in shortly, TVS). A subset P of E called a cone if and
only if,
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(i) P is closed, non- empty and P # {0},
(ii) Ifa,b € R witha,b > 0andx,y € P, then ax + by € P.
(iii) P N(-P) ={0}.

For a given cone P C E, we define a partial ordering < with respect to by x <y if and only if
y — x € P, where x < y means thaty — x € int P (the interior of P). A cone P is said to be normal if
there is a number K > 0 such that

O<x<y =lxll< Klyll, Vx,y €E.
The least positive number satisfying the above inequality is called the normal constant of P.

Recently, Rezapour and Hamlbarani [16] proved that there is no normal cone with normal
constant K < 1 and for all k > 1, there are cones with normal constants K > k.

Definition 1.1 Let X is a non empty set. Suppose that the mapping d : X X X — E satisfies

(a) 0<d(x,y)forallx,y € X andd(x,y) = O0ifandonly ifx = y;
(b) d(x,y) =d(y,x) forallx,y € X;
(c) d(x,y) <d(x,z) +d(zvy) forall x,y € X.

Then d is called a TVS - valued cone metric on X and (X, d) is called a TVS-valued cone metric space.

Definition 1.2 Let (X,d) be a TVS-valued cone metric space. Let {x,} be a sequence in X and c € E
with 0 < c.

(a)  The sequence {x,} is called a Cauchy sequence if there is an N such that d(x,, x,,) < c for all
m,n € N.

(b) The sequence {x,} is said to be convergent if there exist a positive integer-N and x € X such
that d(x,,x) < c¢ foralln > N.

(c) A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.

It is known that a sequence {x, } converges to a point x € X ifand only ifd(x,,x) - 0 as n - o,
A subset A of X is closed if every Cauchy sequence in A has its limit point in A.

Definition 1.3 Let f and g be self mappings on a set X. If w = fx = gx for some x € X, then x is called
a coincidence point of f and g, where w is called a point of the coincidence of f and g.

Definition 1.4 Let f and g be two self mappings defined on a set X. Then f and g are said to be weakly
compatible if they commute at every coincidence point.

Remarks 1.1 Let E is a TVS- valued cone metric space with cone P. Then we have the following:

(1) Ifa<ha foralla€ Pandhe€ (0,1),thena = 0.
(2) If0<u<Kcforall0 < c,thenu = 0.
(3) Ifa<b+cforall0) K<c,thena <b.

For more on the properties of the cone, we refer to [10].
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Common Fixed Point Results

Lemma 2.1 Let f,g,S and T be self mappings on a TVS- valued cone metric space X with a cone P
having the non empty interior satisfying f(X) c T(X) and g(X) < S(X). Define the sequences {x,,}
and {y,} in X by

Yon+1 = fXon = TXani1 and Yopiz = gXoni1 = SXpnip VN 2 0.

Suppose that there exists a € [0,1) such that
AV Yn+1) S adYp-1,yn) Yn=1 2.1
Then either

(1)  The pair{f,S},{g, T} have coincidence points and the sequence {y,} converges to a point X or
(2)  {yn}isa Cauchy sequence in X.

Moreover, if X is complete, then the sequence {y, } converges to a point z € X and
d(yn2) < —d(yo,y1), ¥Yn =1, 2.2

Proof: To prove of the theorem, suppose that there exists a positive integer n such that y,, = Voni1-
Then, from the definition of {y,}, gXon—1 = SXon = fX2n = TXyn41 and the mappings fand S have a
coincidence point x,,. moreover, from (2.1) yields y,, = ¥, for each m > 2n and hence the
sequence {y,} converges to a point in X.

The conclusion holds if y,,+1 = Yan42 for some positive integer n.
Assume that y,, # Yoneq for alln > 1. then by (2.1) we have
AW Yn+1) S @"d(yo,y1) Ynz1.

for any m,n > 1 withm > n, it follows that

A, Ym) < T A vier) < Xt at d(vo, y1)

m-n—1 j

AWV ym) < a”dyo,y1) Xjsy 2.3

AW Ym) < 7 Ao, ¥1),

Let 0 K< c be given. Choose a symmetric neighborhood V of 0 such that ¢ + v € int P. also, choose a
positive integer N; such that

%d()’o,)ﬁ) EV, Vn=N,.
Then %d(h’}ﬁ) K ¢ forall n = Nj.thus, forall m,n > Ny,

A Ym) < 7—do,¥1) € ¢
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And so the sequence {y,} is a Cauchy sequence in X. If X is complete, there exists a point z € X such
that {y,,} converges to z as m — c. Choose a positive integer N, such that d(y,,, z) <
¢ for allm > N,. thus it follows that,

AdWn2) < dWYm) + AW, 2)

A 2) < 7—do, 1) + d(Ym,2)

d(ynrz) < 1a__a,d(y0'y1) + cC
Which yields 2.2 by using remark 1 (3). This completes the proof.

Theorem 2.2 Let f,g,S and T be self mappings of a TVS- valued cone metric space X with a cone P
having the non empty interior satisfying f(X) c T(X), g(X) c S(X) and there exists a, € (0,1)
suchthat0 < a+ p < land

d(fx,gy) < amax{d(Sx,Ty),d(Sx, fx),d(Ty, gy)}
+ B max{d(Sx, gy),d(Ty, fx)} 2.4

If one of f(X) U g(X) and S(X) U T(X) is complete, then the pairs {f,S} and {g,T} have a unique
point of coincidence in X. Moreover, if the pairs {f,S} and {g, T} are weakly compatible, then the
mapping f, g,S,and T have a unique common fixed point in X.

Proof:- For any arbitrary point x, in X, construct the sequence {x,,} and {y,} in X such that
Yon+1 = [Xon = TXope1 and Yonyz = 9Xont1 = SXanez Y1 2 0.
Thus it follows from 2.4

dWon+1 Yontz) = A(f X2, 9Xon41)

d(Sx2n, TXan41), d(SXzn, fon)’}
d(Tx2n+1, 9X2n+1)

d(fXn, 9X2n41) < @ max{
+ B max{d(Sx2n, 9X2n+1), A(T X241, fX2n)}
AdWan+1,Yon+2) < amax{d(Von, Yan+1) AWan Yont1), AVan+1, Yont2)}
+ B max{d (Van+1, Yon+2) AVont1, Yan+1)}
AdWVon+1, Yon+2) < adYVan, Yons1) + BAVon+1, Yon+2)

d(Von+1, Yon+2) < ﬁ d(YVon Yon+1)

suppose that,q = ﬁ and processing the same manner, it follows the condition of the lemma 2.1 is

satisfied.

Now we show that the pairs {f,S} and{g, T} have coincidence points in X. In fact, without loss of
generality, we may assume thaty, # Y, for any n = 1. If we have the equality for some n, then
from lemma 2.1, the pairs {f,S} and {g, T} have coincidence points in X. Thus, the sequence is the
Cauchy sequence.
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Suppose that S(X) U T(X) is complete. Then there exists u € S(X) U T(X) such that y, » uas n -

co. Further, the subsequence {Sxzn+2} = {9X2n+1} = Vans2} and {Txzni1} = {fxon} = {yans1} of
{y.n} also converges to the point u. Now, sinceu € S(X) U T(X), we haveu € S(X) or u € T(X).

Ifu € S(X), then we can find v € X such that Sv = u and claim that fv = u. for this, consider
d(fv,u) < d(fv, gxan+1) + d(gxan+1,u)

d(Svl Tx2n+1); d(Svl fv)l}
d(Tx2n41, 9X2n+1)

d(fv,u) < amax{
+ B max{d(Sv, gxon+1), A(TX2n11, fV)} + d(gXon41,U)
as n — oo, we have,

d(fv,u) < (a + B)d(fv,u)

Which contradiction, so that fu = Sv =u and so, sinceu € f(X) c T(X), there existsw € X such
thatTw = u.

Now, we show that gw = u. In fact consider
d(gw,u) < d(gw, fxn) + d(fxopnu)
d(gw,u) < amax{d(Sx,,, Tw), d(Sxop, fX2), d(Tw, gw)}
+ B max{d(Sx,pn, gw), d(Tw, fx3,)} + d(fxy,, u)
as n — oo, we have,
d(gw,u) < (a + B)d(gw,u)

Which contradiction, so that gw = u. similarly arguments to those given above, we obtain gw =
Tw = u. Thus the pairs {f,S} and {g, T} have common fixed point of coincidence in X.

Now, if the pairs{f,S} and{g, T} are weakly compatible, fu = fSu = Sfu = Su = w, (say) and
gu =gTw = Tgw = Tu = w,(say). Now, we have

d(wy,wy) = d(fu,gu) < amax{d(Su,Tu),d(Su, fu),d(Tu, gu)}
+ B max{d(Su, gu), d(Tu, fu)}

Which implies, w; = w, and hence fu = gu = Su = Tu,i.e the point u is coincidence point of the
pairs{f,S} and{g,T}.

Now, we show that u = gu.
In fact, we have
d(u,gu) = d(fv,gu) < amax{d(Sv,Tu),d(Sv, fv),d(Tu, gu)}
+ B max{d(Sv, gu),d(Tu, fv)}

This implies,
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d(u, gu) < (a + B)d(u, gu)

Which contradiction, so that gu = u and hence u is a common fixed point of the mappings f,g,S,T.

Finally, for the uniqueness of the point u, suppose that u’ is also a common fixed point of f,g,S and T,
from 2.4, we have

d(fu,gu’) < amax{d(Su, Tu"),d(Su, fu),d(Tu', gu’)}
+ p max{d(Su, gu'), d(Tu, fu)}
which implies u = u’, and hence u is unique common fixed point of f, g,S,and T, in X.

Suppose that f(X) U g(X) is complete and u € T(X). then similarly we can prove that f,g,S and T,
have unique common fixed point in X.

Corollary 2.3 Let f,g,S and T be self mappings of a TVS- valued cone metric space X with a cone P
having the non empty interior satisfying f(X) c T(X), g(X) € S(X) and there exists a, € (0,1)
suchthat0 < a+ f < landmn =1

d(f™x, g"y) < amax{d(S™x, T"y),d(S™x, f™ x),d(T"y, g"y)}
+ B max{d(S™x, g"y),d(T"y, f™x)} 2.4

If one of f(X) U g(X) and S(X) U T(X) is complete, then the pairs {f,S} and {g,T} have a unique
point of coincidence in X. Moreover, if the pairs {f,S} and {g, T} are weakly compatible, then the
mapping f, g,S,and T have a unique common fixed point in X.

Proof

It follows from Theorem 2.2 that {f™,S™}and {g"™, T™} have a unique common fixed pointp € X.
Now, we have

f) =fF™®) = ™) = f™(f(p))
S(p) =S(S™(p)) = S™(p) = S™(S(p))

And so f(p)and S(p) are also fixed point for the mappings f™ and S™. Hence f(p) = S(p) = p. by
using the same argument in the proof of Theorem 2.2, we obtain g(p) = T(p) = p.

This completes the proof.
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