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ABSTRACT

This paper aims at constructing a user defined functions in Macaulay2 which accepts values of 'n’ and’q" with ged(n, q¢) = 1
and displays all g — cyclotomic cosets modulo n. This list of cyclotomic cosets can help in describinga cyclic code in
Macaulay?2 by selecting a representative from each cyclotomic coset in its defining set. For a given cycliccode 'C" and a positive
integer ‘w’, there is a well-known algebraic system constructed from Newton’s identities which-are satisfied by elementary
symmetric functions of locators of a codeword of weight

'w" and coefficients of its Mattson-Solomon polynomial. This paper aims at constructing a user defined function in Macaulay2,
which accepts a cyclic code (in terms of list of elements from distinct cyclotomic cosets in its defining set) and a positive
integer ‘w’ and it returns the algebraic system described above. Further, the simplified form of this system is also constructed. Ina
special case when integer w is equal to BCH bound of C, the simplified system is used for computing number of codewords of
minimum weight in C, using Grobner basis.

Keywords: linear codes, Cyclic code, BCH code, Mattson-Solomon polynomial, locators of a codeword.
() INTRODUCTION

A cyclic code can be constructed in Macaulay2 by providing a field, generator polynomialand length as parameters to
the user defined function ‘cyclicCode’. In this paper, we have listed all g — cyclotomic cosets modulo n by constructing
user defined functions and then described a cycliccode by selecting a set of cyclotomic
cosets in its defining set. For a given cyclic code C and w € Z+, there is an associated algebraic system n (w) of several
variables (see [5]) whose solutions are in bijection with codewords in C of weight less or equal ‘'w’ and when'w’ is the BCH
bound of C then n.(w) helps in counting number of codewords of minimum weight. By looking at the importance of
thesystem n.(w), we have constructed the user defined function in Macaulay2 whose input is a cyclic code 'C’ & w € Z+ ,and
output is the system n.(w). Its simplified form is also constructed in Macaulay2, whose equations defines an ideal in a

polynomial ring of multivariable and using Grobner basis of this ideal, number of codewords of minimum weight can be
computed.

This paper is divided into two main sections. Section (1) is preliminary and section (2) is Computations in Macaulay?2.
Now, section (1) is divided into three subsections. In subsection (A), necessary concepts required for a linear code, cyclic code
and BCH code are revised from [1] and [2]. In subsection (B), basic concepts of Grobner basis of an ideal are discussed from
[3] and in subsection (C), an algebraic system n¢ (w) associated to a cyclic code C and a positive integer ‘w'is recalled from
[4]and [5]. Section (2) shows various Macaulay2 computations to achieve aim of this paper.
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(1) Preliminary

A. Linear codes, cyclic codes and BCH bound.

We recall the notations, definitions and results mentioned in [1] and [2] about finite fields, linear codes, cyclic codes
and BCH bound.

Let IF, be afinite field with g elementswhere q is prime power. [n, k]-linear code C is a subspace of F* with dimC =
k. eectors in F» are called words and,vectors in C are called codewords. Hamming distance between two words p, q is
denoted by d(p,q) and it is defined as number of non-matching coordinates of
p and q. Minimum distance of a codeC is denoted by d(C) and it isdefinedas d(C) = min{d(c’, ¢): ¢, ¢" € C}. Weight of a
word p, wt(p) is defined as wt(p) = |{i: p; # 0}]. Linearity of a code C implies that d(C) = min{wt(c"): ¢’ € C }. Dual of
acode C is defined as C+ := {x € Fu<x, ¢’ >=0,Vc € C}. q

From now, we will assumethat nand g are relatively prime. Let t € Z+ be the smallestsuchthatn|qt —

*

1. Now, (F,:) being acyclicgroup of size gt — 1 andn|qt — 1, there isan elementof order 'n’ in an extension

IF n I i i iq ig? iqt—1
qt Of F say '¢’. Hence, x —1= =1(x—¢&). Nowé¢ & & .. ¢ have same minimal polynomial
overF, M (x)=]]""(x —Eiql) which are irreducible factors of x»— 1 and these are in bijection with
q i =0

q —cyclotomic cosets modulon containing i, C; = {i. g¢'(mod n): 0 < [ < t — 1} € Z,,. These cyclotomic cosets are disjoint and
cover entire Z,,.

A code C is cyclic if for any codeword in C, a cyclic shift is also a codeword in C. There is one-to-one
correspondence between cyclic codes of length nover IF, andideals < g(x) > ofm, where g(x) iscalled a

<x"-1>

generator polynomial of a cyclic code C, which is a product of monic irreducible factors of x» — 1. As mentioned before that
every such irreducible factor of x» — 1 corresponds to a cyclotomic coset hence, every cyclic code is associated to disjoint
union of these cyclotomic cosets called a defining set of cyclic code C, that is, 1(C) =
{k € Z,:9(¢%) = 0} S Z, . The complement of defining set in Z, is called a generating set of a cyclic code
C, that is, ] = {k € Z,:g(§ %) # 0}. If for a cyclic code C, there exist say'd — 1" consecutive integers in its defining set
then d(C) > d and this 'd" is called its BCH bound of C.

B. Grobner basis of an ideal in a polynomial ring of n variables.
Now let’s overview the basics of Grobner basis as mentioned in [3].
Let L be a field and R = L[X] = Lxy,x5,... x,] = {f (X) = Ypemn a.X“ga, € L}is called a ring-of

polynomials over L. Leta = (a ,a ,..a )thenX« = xalxa2 . xan is called monomial. Monomial order on R

. q / , 1 2 n 1 2 n
isarelation’ > 7n a>pBandy e Zr thena +y >

onmonomialsoron - satisfying (i)’ > ' istotal order (ii) If >0
B + y. (iii)" > " is well ordering. For example, fora, B € Zr , @ > < leftmost nonzero entry of @ — B is positive. This
order gives importance to higher powers of leftmost variable, called a lex order which is'a monomial order. With any monomial
ordering, any two terms of a polynomial in R are comparable, so one can talk about term that leads, in a polynomial f(X) €
L[X],denoted by LT(f).

Now, I € R isan ideal, if (i) additive identity of R isin I (ii) I is closed under addition(iii) For f € I and
h € R, hf €1.1deal generated by £+, f, ..., fn € Risdefined as < f1,f5, ...f; >= {X* hifi:hsi..., he € R}. An
ideal I € L[xy,x; x,] is called a Monomial ideal if 3 A< Z" (mayspe infinite) such that I =
Zacahax®| hy € L[xy, x,_x,]}. We write,| =< x@a € A >. By Dickson’s lemma, any monomial ideal of ring L[x;, x,,...
x,] is finitely generated. Further, if no monomial in generating set is a multiple of another monomial, then it is called
“minimal basis”. Now, for a given ideal of ring L[x1,x,... x, ], initial ideal in(I) is defined as an ideal generated by leading
terms of each and every polynomial in an ideal I,in(I) =<LT(f): f €
I >. This being a monomial ideal, has finite generating set, by Dickson’s lemma. Hilbert theorem states that,
polynomials in an ideal I corresponding to generating monomials of initial ideal of I, in(I), generates an ideall itself. Hence,
every ideal of a polynomial ring R = L[xy, x,,... x,] is finitely generated.

Now, fora given ideal I and a fix monomial ideal, a finite subset G < I is calleda Grobner basis of ideal
lifin(I) =< LT(g): g € G >. Ifeachtermof g € G isnotamultiple of LT(g"), Vg’ € G\{g}, then§ iscalled a reduced
Grobner basis, which is always unique.

Further, Grobner basis is used to solve a system of polynomial equations in several variables. In order to solve a system
of multivariable polynomial equations, one need to consider the ideal generated by given polynomial equations of the
system, in a multivariable polynomial ring. Then, Graobner basis is to be computed which eliminate variables in a very
systematic way (like that of Gaussian elimination method in case of linear equations system). Proven result says, if minimal
Grobner basis reduces to {1} then the given system has a solution.
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C. Algebraic system 8. (w), associated to a cyclic code € and a positive integer 'w’
Now lets recall few definitions, propositions and theorems mentioned in [4],[5] and [6] related to an
algebraic system, associated to a cyclic code € and a positive integer 'i’.

Let a € [Ft be such that O(a) = n (under multiplication) and ¢ = (¢ ,¢ ,..,c¢ ) € Fris of weight
q 0 1 n—1 q
'w'". Set of locators of ¢ = {Z,,Z,,.., Z;} = {a: for j such that c; # 0}. The Mattson-Solomon polynomial of

cisgivenby A =" A Zn-i€F ([Z]whereA = c(ai),1 < i < n.Theelementarysymmetric functions ofc
i=1 i q i

are denoted by 04,05,..., 0, Where o, = (=X o c.cj <wZ; Z; . Z; Yk €{1,2,.., W}
1 2 k 1 2 k

Now for a cyclic code € and a positive integer 'w’, the associated algebraic system is given as follows

(see [5])
/ AW+1 +AWO’1+---+A10‘W=O

I AW+2 +AW+1O-1+"'+A20-W:0
ncw) = Apsw+Appw-_101+ -+ A4,0,=0
q
{ Aiqmodn:A iViE[O,Tl—l]
| A=A, Vi€ [0,n—1]
{ Ai=0,ViEI(C)

In the above system, A's and ¢’'s are variables. If ¢ € Fr with weight 'w', Mattson Solomon polynomial
k k q

coefficients Ay, A3,... A,,_; and elementary symmetric functions a,..., 7,,, then by proposition1.1 and Theorem
2.1 of [5], above system n.(w) has a solution.

Conversely, by Theorem 2.3 of [5], (4,, Ay,... , 4,_,) that are solutions to n.(w) are the Mattson Solomon
polynomial coefficients of the codewords of C of weight less than or equal to ‘w’ , note that (4, Ay,... , 4,_1) isa
solution of the system n.(w), if 3 (g4, 05,..., 0,,) such that(4o, Ay,..., A,_1,01,05,.., 7,,) is a solution to n(w).

Let C isacyclic code of length n with BCH bound say ‘w’. If there are solutionsto (w), thenby above
discussion, these solutions are coefficients of Mattson Solomon polynomial of codewords of weight less than or
equal to w, but there is no codeword in C of weight strictly less than ‘w’, ‘w’" being a BCH bound. Hence, the minimum
distance of C is exactly equal to 'w’. Hence, system n.(w) helps to determine existence of minimum weight codeword. It is
also discussed in [5] that number of minimum weights codewords in C is equal to number of solutions to n.(w).

(111) Computations in Macaulay?2

It will be always easier to constructa cyclic code of length n over afinite field F, with (n, ¢) = 1, if one has the list of
all g cyclotomic coset modulo n. Then, one can choose a set of cyclotomic cosets as per the requirement as the defining set
of the required cyclic code. To achieve this, following user defined functionsare constructed in Macaulay?2

i) cyclotomic_coset: It accepts values of g, n, s and returns g-cyclotomic coset modulo n containing 's’

i1 : cyclotomic_coset=(s,q,n) —>

( c={s} ;
flag =8 ;
Eor j from 1 to (n-1) do
for i from B to (j-1) do
(if ((s*(g”j)) % n) == c_i then (flag=1;break;));
if flag==1 then break;
c=join(c, {((s*(g"j)) % M});
;
c

)
= FunctionClosure[stdio:1:17-13:3]
: FunctionClosure
: cyclotomic_coset(3,2,7)
{3, 6, 5}
: List

: cyclotomic_coset(3,4,55)

= {3, 12, 48, 27, 53, 47, 23, 37, 38, 42}
: List

: cyclotomic_coset(23,7,64)

= {23, 33, 39, 17, 55, 1, 7, 49}

: List

RREBREBERR KRR
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ii) lcc: It accepts the values of g, n and returns list of all g-cyclotomic coset modulo n

i6 : Icc = (q,n) >

( c1={8};
cc={{8}};
d=cyclotomic_coset(1,q,n);
cc=join(cc,{d});
for i in d do( cl1=join(c1,{i}));
for j from 2 to (n-1) do

if isMember(j,c1)==true then continue
else(
d=cyclotomic_coset(j,q,n);
cc=join(cc,{d});
cl=join(c1,d);

);

cc

)

= lce

|O
o

05 : FunctionClosure

i6 : lce(2,7)
06 = {{0}1 {1, 2, 4}’ {3: 6, 5}}

06 : List

il : lcc(4,55)

ol = {{0}, {1, 4, 16, 9, 36, 34, 26, 49, 31, 14}, {2, 8, 32, 18, 17, 13, 52, 43, 7, 28}, {3, 12, 48, 27, 53, 47, 23, 37, 38, 42}
{5, 20, 25, 45, 15}, {6, 24, 41, 54, 51, 39, 46, 19, 21, 29}, {10, 40, 50, 35, 30}, {11, 44}, {22, 33}}

o7 : List

i8 : lec(7,64)
08 = {{0}, {1, 7, 49, 23, 33, 39, 17, 55}, {2, 14, 34, 46}, {3, 21, 19, 5, 35, 53, 51, 37}, {4, 28}, {6, 42, 38, 10}, {8, 56},

{9, 63, 57, 15, 41, 31, 25, 47}, {11, 13, 27, 61, 43, 45, 59, 29}, {12, 20}, {16, 48}, {18, 62, 50, 30}, {22, 26, 54, 58}, {24,
40}, {32, {36, 60}, {44, 52})

o8 : List

iii) defining_set: It accepts values of [, g, n and return the defining set of a cyclic code of length n over F,,
which is a disjoint union of cyclotomic cosets containing list ‘I’ elements.

19 : defining_set = (1,q,n) ->

ds={};

for j from 8 to (length 1 -1) do

( if isMember(1_j,ds)==true then continue else ds=join(ds,cyclotomic_coset(1_j,q,n)));
ds

)
09 = FunctionClosure[stdio:48:15-55:1]

09 : FunctionClosure
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i18 : defining_set({1},2,7)

018 = {1,2, 4}

018 : List

i11 : defining_set({2,36,44},4,55)

oll = {2, 8, 32, 18, 17, 13, 52, 43, 7, 28, 36, 34, 26, 49, 31, 14, 1, 4, 16, 9, 44, 11}
o011 : List

i12 : defining_set({2,12,16},7,64)

012 = {2, 14, 34, 46, 12, 20, 16, 48}

012 : List

Now, let’s see one demonstration for constructing a system in Macaulay?, say n-(3), where C isacyclic code of length 7 over F,
with defining set cl(1) = {1,2,4}

/ A4 +A30'1+A20'2 +A10'3:0

As+A 0.+ A0, + Ayo;=0

Ag+ Aso1+ A0, + Az0;=0

Ay + Ao+ As0, + Ayo3 =0
| Ag + Ayoy+ Aoy + Asos =0
7*8)= Ao + Agoy + Ay05+ Agos =0
A+ Ago+ Ago, + A703=0

A2 =4 ,A2=A4 A*=A
0 0 3 6 3 5
A; = AgAg = A Ag = Ay Ay = A3

| Aj=A,=4,=0

{
Stepl: Construction of expressions of the type A, + 014,41+ -+ 0,4; = 0(note that, B's are used in place for
a's)
i13 : R=GF(2)[A_B,A_1..A_18,B_1..B_6,MonomialOrder=>Lex] e
013 = R
013 : PolynomialRing
214 =
g=13;
il6 : for j from 4 to 18 do
- 11={};
for i from 1 to 4 do
( 11=join(11,{A_((j+1)-1)})
ié={1};
for i from 1 to 3 do
12=join(12,{B_i})
f%ze;
for i from B8 to 3 do
.f1=f1+(11_i A} 251))
. e
i17 : g

ol7 = {A133 + As B> + A3By + Ay, AsB3 + A3Bs + AyBy + As, A3Bs + AyBs + AsB; + Ag, AyBs + As

Bs + AgB1 + A7, AsB3s + AgBs + A7y By + As, AgB3 + A7Bs + AsBy + Ag, A7B3 + AgBs + AgB; + Aijo,

[JCRTBM02015 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 112


http://www.ijcrt.org/

www.ijcrt.org © 2026 IJCRT | Volume 14, Issue 2 February 2026 | ISSN: 2320-2882

q
Step 2: Construction of expressions of the type Ay moan = 4 ,Vi € [0,—1]

i18 : p1 = (1,q,n) —>

( 1'= lcc(q,n);
z={};
for m from 8 to (length(l')-1) do
h=1"'_m_8;
if (isMember(h,defining_set(1,q,n))) then continue else z=join(z,{h})
)i
g1={};
for m in z do
( i=1;
while isMember(((m*(q"i))%n),cyclotomic_coset(m,q,n))==true do
( g1=join(g1,{A_((m*(q"1))%n)-(A_m)~(q*i)}); i=i+1; if ((m*(g"i))%n)==m then break));
g1
)
018 = pl
018 : FunctionClosure
i19 @ p1({13,2,7)
019 = {45+ Ao, A3 + Ag, A5+ 45}
o198t liist

Step 3: Construction of expressions of the type: A,,, = A, Vi € [0,n—1]
i28 : p2 = (n,w) —>

(
gg?{i;from n to n+w do(g2=join(g2,{A_k-A_(k%n)3}));
) o
028 = p2
028 : FunctionClosure
12102 p267,3)

021 = {Ag+ A7, Ay + Ag, Ay + Ag, A3 + Ay}

021 : List

Step 4: Construction of expressions of the type: 4; = 0,Vi € I(C)

{22 = P3= D =

C g3={3}; . )
for i in 1 do(g3=join(g3,{A_i}));
g3
022 = P3
022 : FunctionClosure

i24 = p3 =)=

C g3=1%}; . i
for i in 1 do(g3=join(g3,{A_i}));
g3
024 = p3
024 : FunctionClosure

i25 : p3(defining_set({1%},2,7))
025 = {A;, A2, A4}

025 <= List

Now, for compilation of all above steps, following user defined function is constructed which accepts values of [, g,
n, w and display the algebraic systemn.(w) associatedto a cyclic code C of length n over [F, with defining set as a union of
cyclotomic cosets containing elements of list '’
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i26 : systeml = (1,q,n,w) —>
) ->

"in 1 do(g3=join(g3,{A_i}));

W) —>
b

from n to n+w do(g2=join(g2,{A_k-A_(k%n)}));

’
j from (w+1) to (w+n) do

for i;From 1 to (w+1) do
( 11=join(11,{fA_((j+1)-1)})
Vb1
for i from 1 to w do
: 12=join(12,{B_i})
f%=9;
for i from 8 to w do
¢ f1=f1+(11_1 * 12_1)
_éijoin<g,{f1}>
a;join(a,g);

1'= lcc(q,n);
k' :

for m from 8 to (length(1')-1) do
(

h=1'_m_0;
if (isMember(h,defining_set(1,q,n))) then continue else k'=join(k',{h})
)5
a=join(a,pl1(k',q,n));
a=join(a,p2(n,w));
a=join(a,p3(defining_set(1l,q,n)));
a
)
026 = systeml

026 : FunctionClosure

i27 : system1({1},2,7,3)
02

A5B3 + AgBy + ArB; + Ag, AgBs + A7By + AgBy + Ag, AyBs + AgBy + AgBy + Ayg, A3+ Ao, A5 + Ag, A3+ A5, Ao+ A;
, A1+ Ag, Ay + Ay, A3 + Ay, As, As, Ay}

7 = {A1Bs+ A>By + A3By + Ay, A3Bs + A3By + AyBy + A, AsBs + AyBy + A; By + Ag, AyBs + A; By + AgBy + Ay,

027 : List

Hence, using computations in Macaulay2, one can construct system n.(w) of polynomial equations in several
variables. Now, in order to determine whether this system has a solution or not, one need to construct an ideal generated by
polynomial equations of this system in a multivariable polynomial ring and compute its
Grobner basis. But it is always better to provide the simplified form of above system by substituting expressions
of the type A =A1, A =A andA =0,Vi €I(C) in polynomial equations of the typeA  +

igmodn i i+n i i i+w

01441 + -+ 0,4, = 0. For example, the simplified form of system n.(3) is as follows:
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/ A30-1=O

A*+A o =0
3 32
A2+ A% +A o0 =0
| 3 31 33

0) Ay +A20 + A% =0
Ne 3 :{ 321 342
AOGI +A302+A303 - 0
A()O'Z + Azf 3= 0
|  4s+4,0,=0
{ A2=A
0 0
Following user defined function is constructed in macaulay2, which simplifies the system as discussed.
128 : system = (1,q,n,w) ->

g9'={};
for j from (w+1) to (w+n) do

11={3;
for i from 1 to (w+1) do

b= ((j+1)-1)%n;
if (isMember(b,defining_set(1,q,n))) then 11=join(11,{0})

else
(
p=8;
1'= lec(q,n); k={};
for m from 8 to (length(1')-1) do
(
h=1"'_m_8;
if (isMember(h,defining_set(1,q,n))) then continue else k=join(k,{h})
).
fér m from @ to (length(k)-1) do
(
if (isMember(b,cyclotomic_coset(k_m,q,n))) then (p=k_m; s= cyclotomic_coset(p,q,n); break)
).
fér e from @ to (length(s)-1) do
(
if (b == s_e) then 11=join(11,{((A_p)"(q"e))})
)
)
i
12={1};

for i from 1 to w do(
12=join(12,{B_i}));

f1=6;

for i from 8 to w do(
f1=Ff1+(11.1 * 12_i));

g'=join(g',{f13})

28 : FunctionClosure

i29 : system({1},2,7,3)

(=]
NO

= {A;By, Aj + A3B,, A3B, + A} + A3B;, Ay + AiBs + ABy, AyBi + A3B; + A3B, AgBy + A3Bs, AgB; + A3}

eliist

(=]

Following is one more demonstration for constructing the simplified form of the algebraic system n(6)

where C is a cyclic code of length 63 over [F, with defining set, cl(1) U cl(5) Ucl(7) Ucl(9) Ucl(11) U
cl(13)ucl(23) v cl(27)
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.
[}

: R=GF(2)[A_0,A_1..A_69,B_1..B_6,MonomialOrder=>Lex]

=R

o
Co

o
o

: PolynomialRing

32 : systen({1,5,7,9,11,13,23,27},2,63,6)

[

032 = {A3B, + 3By, ABy + AsB;, AiBs + AsBy, AiBy, AiBs, A3+ 3By, AsBy, Ay, ABy+ Avs, AiBy+ ApsBy, ABs + AsBy, AsBs+ AisBs, AisBy, AisBs,
As5Bs + Ay, Ay By, Ay By, A3+ Ay Bs, ABy + Ay By, A3B, + Ay Bs, ASBs+ Ay By, A3By, ASB;, ASBy+ AL, AXB, + Ay, AXBy+ Ay By, AZ + ALBs+ Ay By,
APBy + A B+ ABs, ABy + A%Bs + Ay By, AT By + A% By + Ay Bs, AV By + Ay By, AVBs, AVBy+ A2, ALB,, ALy, ABy + A%, ALB, + A% By, AZB;
+ 43, By, AYBy+ 43 By, A3, By, 43 Bs + A, A + 43 By + A3By, AVB, + ABy, AVB, + A3By, AVBy + Ay + A3y, AB,+ AB: + AjBs, ABs + A,
+ A3iBs, A'By + AgBy, ARB,+ A, ASB; + AnBy, AisBy + Ajs + AyBy, AisBy+ AqBs, AlsBy + AjBy + Ay, AjsBy + Ajs + AylB; + Ay By, AlsBy+ AjsBy +
ARBs+ A% By + A5y, ASB; + ALBy + A% By + A3 By + AL, Ay+ A% B+ AL Bs + A% By+ A3 By + A% By, AoBy + AjsBy + A3 Bs + A% By + AL By, AyBy + AL
B+ A3 Bs + A5y By+ 43 Bs, A\Bs + As + Aj;Bs + Ay Bs + A3 By, AoBy + AsBy + A5y By + A3 Bs, AuB; + AsBy + A3 Bs, ABs + A} + 4B}

032 : List

Hence, For a cyclic code C of length 'n’ over IF,, with BCH bound 'w/, this simplified form of system
nc(w) which is constructed in Macaulay2, can be used to construct an ideal / in a polynomial ring of several variables,
generated by polynomial equations of the simplified system and Grobner basis of that ideal can be computed using available
Macaulay2 commands. If the minimal Grobner basis of this ideal does not reduces to
{1} then the systemn.(w) has a solution (see [3]) and that guarantees existence of a codeword in C of weight
'w'’. Number of solutions of n;(w) will determine the number of codewords in C of weight ‘w’. Hence, constructing such
systems in Macaulay?2 are of great help to describe minimum weight codewords of a cyclic code.
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