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ABSTRACT :

This paper introduces a generalized framework for fuzzy measurable functions in topological
measurable spaces. We extended the classical concept of fuzzy measurability by incorporating both
measurable and topological structures, allowing a unified treatment of generalized fuzzy mappings.
Including closure under finite unions and intersections, composition, and stability under suitable
conditions with new definitions of generalized fuzzy measurable functions are proposed together with
their fundamental properties. Relationships between generalized fuzzy measurable functions,
measurable graphs, level-set measurability are investigated. Conditions are sufficient for the existence of
generalized fuzzy selection established in topological measurable spaces. The concept of gradual
number-valued measurable functions is introduced and some preserving essential measurability
properties.

Keywords: Topological measurable spaces, fuzzy mappings, fuzzy measurable functions, fuzzy
selection, gradual number-valued measurable function.
1. Introduction :

Motivated by the application in several areas of applied sciences such as fuzzy optimal, process,
control and decision theory Mathematical economics, much effort has been devoted to the generalization
of different measure concepts and classical results to the case when outcomes of a random experiment
represented by fuzzy sets. The concepts of fuzzy measure [1,10,8,9]. Fuzzy set theory introduced by
Zadeh, has become an important framework for modelling uncertainty and vagueness in mathematics
and applied sciences. The concept of measurable fuzzy function plays a fundamental role in fuzzy
analysis, optimization probability, control theory, and decision making. Classical studies mainly
investigate fuzzy measurable functions on measurable spaces.

Topological measurable spaces provide a natural setting in which measurable and topological
properties coexist.

In this paper, we introduce a new class of generalized fuzzy measurable functions in topological
measurable spaces. We establish their basic fuzzy measurable functions [3,7,14] and fuzzy integrals
[2,3,4,5]. The principal contribution of this paper is the established several fundamental properties of
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generalized fuzzy measurable functions in separately, we prove closure properties under finite unions
and intersections, composition theorems, product mapping theorem, inverse image properties,
generalized measurable graph theorem and generalized existence selector result.

Introduced a new concept in fuzzy set theory "Gradual numbers". A gradual number cannot be
considered as fuzzy set real numbers because the mapping from the unit interval to the real line is not
necessarily one to one. In the brief time since their introduction, gradual numbers have been computed
on fuzzy intervals, with application to combinatorial fuzzy optimization [6,11] and others [12,13,15,16].
This paper is a continuation of paper [18]. It is expected that these developments will stimulate new
investigation in both theoretical and applied fuzzy mathematics.

The main contribution of this paper are summarized as follows:

* Introduction of generalized fuzzy measurable functions on topological measurable spaces.
* Establish new composition, graph measurability and corollary.

* Development new generalized fuzzy measurable function definitions.

* Generalized fuzzy measure properties.

* Discussion of strongly generalized integral a-level sets in topological spaces.

The generalized framework developed in this paper provides a foundation for future research on
generalized fuzzy measurable multi-functions, generalized fuzzy integrations, generalized composition
theorem on a-level sets, strongly generalized fuzzy measurable functions. It also opens new directions
for extending fuzzy measurable analysis to broader classes of uncertainty models beyond classical fuzzy
theory.

2. Preliminaries:
Definition 2.1 (Generalized fuzzy set):
Let X be a non-empty set equipped with a topology T and o algebra ..
A generalized fuzzy set on X is a mapping
G: X > [0,1]
such that, for every a. € (0,1], the generalized a-level set
Go=\{x € X: G(X) > a}
g(x) c 2 and

each member of g(X) is compatible with topology .

The value of G(X) is the generalized degree of membership of the element x in the fuzzy set G.
Definition 2.2 (Generalized topological measurable space):

Let X be a non-empty set. Let tc be a generalized topology on X, and let >¢ be a generalized o-
algebra on X. The ordered triple (X, 1c, 2c) is called a generalized measurable space if the following
conditions hold:

l. o, X €N e
Il. Every generalized open-set U € tc is generalized measurable, that is
6 C 26 .
I The family X g is closed under complements and countable union, namely if A, Bn € 26 V n €
N, then X\B € >c and

Usp=1 B, € 26
V. The generalized topology tc is compatible with > in the sense that the closure and interior of
every generalized measurable set remain generalized. When tg =y is an ordinary topology & >.c = 2 is
the classical Borel c-algebra.
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Definition 2.3 (Generalized gradual numbers):
Let M = (0,1] be the unit interval. A generalized gradual number on a non-empty set X is a
mapping
16 : M x X—>R
such that the following conditions are satisfied:
l. For every fixed x € X, the mapping
o — v6 (o, X)
is measurable on M.
. For every fixed o € M, the mapping
X = v6 (o, X)
is measurable with respect to the generalized measurable structure > ¢
. If x € U, U is a generalized open set of (X, tc), then ye (o, X) is locally  continuous  with
respect to the generalized topology.
The value yc (o, X) is called the generalized gradual value of x at level a.
where X = Xo is a singleton set, then
Y6 (o, Xo) = r(a).
where r : (0,1] — R is an ordinary gradual number.
Definition 2.4 (Generalized Fuzzy Measure):

A mapping
uc : 26 — [0, ) (uw=Mue)
He (¢) =0

Ac B = ug(A) < pe(B)
It satisfies generalized continuity under increasing sequence.
Definition 2.5 (Generalized Fuzzy Optimization Problem):
A problem of the form
Max x € X Eg(Y)
Min x € X Eg(y)
Definition 2.6 (Generalized Fuzzy Integral):
Let f: X—[0,1]. Ac be a generalized fuzzy set and uc (mue) a generalized fuzzy integral. Then

fdue = [ pg ({x: f(x) > a})da
Definition 2.7 (Generalized Fuzzy measurable Selector):
Let
ye . X =>F(Y)
t: X>Y
t(x) € ye (x)
Definition 2.8 (Generalized Fuzzy measurable Graph):
The graph of e,
Gr(ye) = {(xy) e Xx Yy € ye (X)}
Gr(ye) € 26 ® Bg
Definition 2.9 (Strongly Generalized Fuzzy Measurable Function):
Let (X, 16, 2¢) and (Y, ne, Bg) be generalized topological measurable spaces. Let
fc : X—>Y be a fuzzy valued mapping. The mapping fc is called a strongly generalized
fuzzy measurable function if, for every generalized fuzzy measurable set B € Be
fc" (Be) € Xo
and for every a € (0,1], the inverse image of the a-level set
fz! (Bg)a) is a generalized measurable set in Yc.
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The generalized Choquet fuzzy integral of fc with respect to the generalized fuzzy measure pg is
defined by
Co I fodxpe = [ pg ({X € X : fo(x) 2 a})da
Here,
Eu(fe) = {x € X: fa(X) > o}
is called the generalized a-level measurable set of fc.
The integral is said to exist whenever the mapping
a — uc (E« (f)) is Lebesgue integral on the interval [0,1].
Iftc=1,2c=2,uc=
reduces to the classical Choquet fuzzy integral.
Definition 2.10: (Generalized $\alpha$-Level-set):
For every a € (0,1]
Ga (X) ={y € v: now (y) 2o}
This is called the generalized a-level set of G.
Lemma 2.11:
Leti: P—Q, j : Q—R be arbitrary mappings. Then for every Fuzzy subset B — R, we have
(0i)*(B)=i*(i"(B))
3. Properties of the Generalized Fuzzy Measure:
Let ug : 26 — [0, ] then pe (MueG) satisfies:
3.1 Null property: pc (¢)=0.
3.2 Monotonicity: If Ac B, uec (A< Hg (B).
3.3 Continuity from Below: If A1 A2 c Az S...then
pe (Up=1 An) = lim,,uc (An)
3.4 Continuity from Above: If A1 2 A2 DAz D ... and uc(A1) < oo, then
Hue (MR=1 An) = lim,pc (An)
3.5  Fuzzy Regularity: For every generalized measurable fuzzy set,
uc (A) =sup{uc (L) : L < A, L generalized closed
Main Result:
4.1 Theorem: (Generalized measurability a-level sets)
Let (X, X)) be a measurable space and (y, t) be a topological space.
Let G: X—F(y) be a generalized fuzzy function where for every x € X,
G(x) y—[0, 1] is a fuzzy subset of y. Assume that:
1. For every a € (0,1], the a-level set Ga(X) ={y € v : urx (Y) = a} is non- empty and closed.
2. For every opensetV cy
{x € X:Gu(X) "V = ¢} € 2 then G is a generalized topological fuzzy measurable function.
Proof :
Fix any open subset V c y. By assumption
Ba(V) = {x: Gua(X) NV # ¢} is measurable since
G(X) =V« € (0,1] Gu (x) the generalized inverse image of V becomes
GY(V)=Vae (0,1] »n Q Bu(V)
Because the rotational number in (0,1] are countable and each B«(V) is measurable. G1(V) € &
Hence G satisfies generalized fuzzy measurability. Therefore G is a generalized measurable
fuzzy function.
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4.2 Theorem:
Let (X, 16, 2c) be a generalized topological measurable space, and let
UG : 2.¢ >— [0, o]
be a generalized fuzzy measure satisfying the axioms 3.1 to 3.5.
Suppose
fe : X— [0,1] is a strongly generalized fuzzy measurable function.
Define the generalized fuzzy integral by
Mo (fe) = [} ng ({x € X : fo(x) = o})de
then
l. Mg (fc) exists and is finite whenever pg (X) <
. If fo(X) <ge(X) V X € X
Mg (fe) < Me (go)
. If f, T f point wise and every f, is strongly generalized measurable, then
lim,_,,, Mg (fc) = Mg (f)
Proof :
By definition 2.9, fc is strongly generalized fuzzy measurable for every o < [0,1].
Eo={Xx:fc(X) >0} € 2c
Hence uc(E«) is well defined.
by assumption/definition 2.4
Because
0 < pe(Ea) < pe(x) and pe(X) < oo
the mapping
a — uc(Eo) is bounded on [0,1].
Therefore
[ 01 H (Ea)da exists.
Hence
Mg (fg) is the existence of integral.
fe (X) < ga(x) then for every level o
{fe > a} = {ge > o}
By monotonicity of the generalized fuzzy measure or 2.4 Definition,
ue ({fe > a}) < ue ({go > a}) Integrating over
a € (0,1] which yields
Ma(fs) < Ma (9«)
fa(x) T f(x)
then
{fiza} T{f>a}
By definition 2.9,
pe ({fn > a}) > pe ({f=> a})
Integrating with respect to a gives
lim,_,,, Mg (fc) = Mg (f)
This complete the proof.
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4.3 Theorem:
Let (X, 2, 1c) be a generalized topological measurable space and let
uc : 2 — [0, o] be a generalized fuzzy measure.
Suppose fe: X— [0,1] is a strongly generalized fuzzy measurable function.
l. 16 = 1T, Where t is the classical topology (t = tau).
. 2.c =2, where X is the classical c-algebra.
I1l.  ue =u, where p is the classical fuzzy measure and
IV. fc = f, where f is a classical fuzzy measurable function.
e
(De) Ix fe duc = (D) Ix f dp.
Proof:
Since >.¢c = 2 every generalized measurable set is exactly a classical measurable set. Also
ue =u (mue).
So the generalized fuzzy measure agrees with the classical measure on every measurable set.
Moreover,
fG =f.
Hence, for every a € (0,1],
{x:fe(X) > a} ={x:f(X) > a}.
Therefore,
pe ({x: fo(x) 2 o}) = u ({x : f(x) = a})
Substituting into the generalized Choquet integral gives:
(Do) fx fo due = [ 1y ({x : fa(x) > a})do
using above equalities above,

= [y u ({100 2 a)dor
By the definition of classical of the Choquet fuzzy integral.

Jym @092 a}do = (D) hfdu
Hence,
(Dg) Jx fo dug = (D) Jx f
This complete the proof.
4.4 Theorem:
Let (P, 1p, 2p), (Q, 10, 220), (R, TR, 2.r) be topological measurable spaces. Let Gi : P—>Q and j :
Q—R be generalized fuzzy functions satisfying:
4.1.  jis generalized fuzzy measurable.
4.2.  jisgeneralized fuzzy measurable.
4.3.  jisgeneralized fuzzy continuous.
4.4.  Every generalized fuzzy open-subset of Q is measurable, i.e.,
lJto < 2qthen
j01:P—Q is ageneralized fuzzy measurable function.
Proof:
We proving that the inverse image of every generalized fuzzy open set on Q is measurable in P.
Let, G € IJtr
be arbitrary. Since j is generalized fuzzy continuous, the inverse image
i’X(G) is a generalized fuzzy open in Q.
Hence,
iY(G) e lltg
From our assumption (4.4), every generalized fuzzy open subset of Q belongs to the measurable
family o-family
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Therefore,

Ji*(G) € 2o

Thus the inverse image obtained through g is not only topologically generalized fuzzy open but
also measurable.

Since i is generalized fuzzy measurable, the inverse image of every measurable generalized
fuzzy subset of

Qep

Applying this property to the measurable set

iY(G)$, we obtain

I*(™(G)) € X

Now use the fundamental identity of inverse image under composition / or Lemma 2.11

(0 )*G) =i*(7(G)).

Since the right-hand side belongs to

2, it follows that

(oi)y'(G)=eXp

Because the generalized fuzzy open set G use chosen arbitrarily, above property holds for every
generalized fuzzy open subset of R.

Hence for every

G e It

we have

(0i)*G) € X

is same as the definition of generalized fuzzy measurability.
Therefore,

j ol isageneralized fuzzy measurable function.
4.5 Theorem:

Let (P, Tp, 22p) and (Q, tq, 20) be topological measurable spaces.

Let I : P— Q be a generalized fuzzy function.
4.5.1.1is generalized fuzzy measurable.
4.5.2. Every generalized fuzzy singleton q is measurable in Q.
4.5.3. The product measurable structure satisfies > ® >.o on P x Q, the  generalized fuzzy graph of i,
by

Ji={(p,q) € PxQ:q=i(p)} the generalized fuzzy graph Ji is measurable in (P x Q, 2p ® >q).
Proof: - Define the mapping

I:PxQ—QxQbyl(p, q) = (i(p), q).

Since i is generalized fuzzy measurable and the second coordinate projection

d2(p, g) = q is measurable, the mapping | is measurable.
Consider the generalized fuzzy diagonal

Q={(t) eQxQ:s=t}.

By our supposition on generalized fuzzy singletons and the measurable structure of Q, assume
that

Qedo®2pand

Observe that

(p. 0) € Ij iff

i(p) = g, which is equivalent to

(i(p), q) € Q Hence,

Ji = I (Q) since | is measurable, the inverse image of every measurable set is measurable.
Therefore

I1(Q) e Y, ® Xq using the identity
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Ji = I'1(Q), we conclude that

Ji S Zp ® ZQ
Hence the generalized fuzzy graph is measurable.

Corollary 4.6:
If i is generalized fuzzy continuous as well as generalized fuzzy measurable, then its graph is
simultaneously
* Generalized fuzzy measurable,
* Compatible with the product measurable structure and
* Stable under generalized fuzzy inverse Image.
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