www.ijcrt.org © 2026 IJCRT | Volume 14, Issue 5 May 2026 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

APy, 'NTERNATIONAL JOURNAL OF CREATIVE
@99 RESEARCH THOUGHTS (IJCRT)

& An International Open Access, Peer-reviewed, Refereed Journal

TOPOLOGICAL ANALYSIS OF
GENERALIZED FUZZY TRANSFORMATION
GRAPHS VIA THE MODIFIED FIRST
ZAGREB INDEX

Hanumantha Reddy D T* and S. M. Hosamani?
1Department of Mathematics
Government College for Women, Chintamani-563125, Karnataka, India.

Department of Mathematics
Rani Channamma University, Belagavi-591156, Karnataka, India.

ABSTRACT
This paper introduces the Modified First Zagreb Index (M1*(G)) for fuzzy graphs, defined as the sum of the products of vertex
degrees and their corresponding membership values for all adjacent vertex pairs. While traditional Zagreb indices have been
extensively studied, this modified version provides a nuanced approach to capturing structural properties in fuzzy environments.
We establish rigorous upper bounds for M1*(G) across four types of generalized fuzzy transformation graphs (G**, G*, G™, and
G™) in terms of the fundamental elements of the base graph G. Numerical examples and graphical representations are provided to
illustrate the theoretical results and distinguish this index from existing ones.
Keywords: Modified First Zagreb Index, Fuzzy Graph Theory, Generalized Fuzzy Transformation Graphs, Topological Indices,
and Upper Bounds.
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1 Introduction

Let G = (V, w, p) be a fuzzy graph with vertex set V and the membership values for the vertices and edges are defined
by w:V - [0,1] and p:V x V — [0,1] respectively satisfying p(u,v) < w(u) A w(v) where A represents the minimum. w(u)
represents the membership value for the vertex u € V(G) and p(e) represents the membership value of an edge e € E(G). The
degree of a vertex v € V(G) is the sum of the membership values of the edges which are incident to a vertex v. i.e deg;(v) =
Zuzv p(uv). Itis obvious that ¥,y 6y dege (V) = Xvev(e) Zuzv P(UV) < 2m where m = |E(G)|. For undefined terminology in
this paper refer [7,14].

A topological index is a number generated from a molecular structure (i.e., a graph) that indicates the essential structural
properties of the proposed molecule. Indeed, it is an algebraic quantity connected with the chemical structure that correlates it
with various physical characteristics. It is possible to determine several different properties, such as chemical activity,
thermodynamic properties, physicochemical activity, and biological activity, using several topological indices. Zagreb indices[4]

are one among them, these indices are used to calculate -electron energy of a conjugate system.
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Nowadays, due to various applications of fuzzy graph theory, a huge number of researchers are working on topological

indices[2, 3, 5, 6, 9-11, 15, 16]. Kalathian et.al[12] have studied the first index for fuzzy graphs and is defined as follows:

My (6) = Iy w(u)dege(v)? (1)
To maintain the similarity of the first Zagreb index for crisp graphs, Islam and Pal[10] redefined the first Zagreb index in the
following way.

My (G) = Xi-, [wW)dege (v)]? O]

In this paper, the modified first Zagreb index is put forward by keeping (3) in mind. It is defined as:
My (G) = Yuverc) [0(W)degs + w(v)degs (v)] 3)

In fact, (1) and (3) gives the same results for crisp graphs but (5) and (6) are not the same. The difference between these
two definitions are explored by the following example.
Example 1. Consider a fuzzy graph with V(G) = {p,q,r, s} and E(G){pq, qr, qs,rs} where w(p) = 0.7, w(q) = 0.9, w(r) =
0.6, w(s) =0.7, p(pq) = 0.5, p(qr) = 0.6, p(qs) = 0.5 and p(rs) = 0.4. Then degrees of each vertex of G is given by
degs(p) = 0.5, deg;(q) = 1.6, deg;(r) = 1.0 and deg;(s) = 0.9. Therefore the first Zagreb index of G is given by:

M;(G) = ZuEV(G) [w(u)degc(u)]z
= [(0.7)(0.5)]2 + [(0.9)(1.6)]? + [(0.6)(1.0)]? + [(0.7)(0.9)]?
= 4.0555.

Now consider the modified first Zagreb index for fuzzy graphs:
Mi(G) = Xuver (o) [w(w)dege(u) + w(v)degs(v)]
= [w(p)dege(p) + w(g)degs (@] + [w(q)degs(q) + w(r)degs(M] + [w(g)deges(q) + w(s)degq(s)]
tw(s)dege(s) + w(r)degs(r)]
= [(0.7)(0.5) + (0.9)(1.6)] + [(0.9)(1.6) + (0.6)(1.0)] + [(0.9)(1.6) + (0.7)(0.9)]
+[(0.7)(0.9) + (0.9)(1.0)]
=7.13.

Clearly, for this graph M;(G) > M, (G). Therefore, we have selected this parameter for the study.

p(0.7)

(0.5)

(0.7)s (0.4) r(0.6)
Fig 1. A fuzzy graph on 4-vertices.
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2 Generalized Fuzzy Transformation Graphs

Basavanagoud et.al[1] studied the Zagreb indices of generalized transformation graphs. In same way the generalized
fuzzy transformation graphs have been studied in [13]. In this paper, the modified first Zagreb index of generalized fuzzy

transformation graphs are studied. Consider a fuzzy cycle Cs depicted in Figure 2. The examples for generalized fuzzy

transformation graphs of fuzzy cycle are given below:

G:

¢(0.6)
Fig 2. A fuzzy cycle graph on S-vertices.

Example for ¢**: Clearly, V(G*™) = {p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) = 0.7, w(r) = 0.9, w(s) = 0.8, w(t) =
0.6, w(a) =0.6, w()=0.5 w()=06 w(d) =04 and w(e) =0.4. Also deg;++(p) = 2p(a) + 2p(e) = 2(0.6) +
2(0.4) = 2.0. Similarly, deg;++(q) = 2.2, degg++(r) = 2.2, degg++(s) = 2.0, degs++(t) = 1.6 and degg++(a) = 2p(a) =
1.2. Similarly, degg++(b) = 1.0, degg++(c) = 1.2, degg++(d) = 0.8 and deg ++(e) = 0.8. Now, the modified first Zagreb
index of G** is given by:
M; = Yuvere++) [0e++ (Wdegg++ (u) + wg++ (v)degg++ (V)]

= [wg++(p)degg++ (D) + we++(q)degg++ (@] + [wg++ (p)dege++(P) + wg++(t)degg++(1)]

+Hwg++ (p)degg++(p) + we++(a)degg++(a)] + [we++ (p)degg++ (D) + wg++(e)degg++(e)]

Hwe++(q)degs++(q) + wg++(r)degg++ ()] + [we++(q)degg++(q) + wg++(a)degq++(a)]

+ws++(q)degg++(q) + wg++(b)degg++(D)] + [we++(r)dege++ (1) + wg++(s)degg++(S)]

Fwg++ (r)degg++(r) + wg++(b)degg++(b)] + [wge++(r)degs++(r) + wg++(c)degq++(c)]

+Hwg++(s)degg++(S) + we++(t)degg++(t)] + [wo++(s)degg++(S) + wg++(c)degg++(c)]

+wg++(s)degg++(S) + wg++(d)degg++(d)] + [wg++ (t)degs++(t) + wg++(d)degg++(d)]

Hlwg++(t)degg++(t) + wg++(e)degg++(e)]
= [(0.9)(2) + (0.7)(2.2)] + [(0.9)(2) + (0.6)(1.6)] + [(0.9)(2) + (0.6)(1.2)] + [(0.9)(2) + (0.4)(0.8)]
+[(0.7)(2.2) + (0.9)(2.2)] + [(0.7)(2.2) + (0.6)(1.2)] + [(0.7)(2.2) + (0.5)(1.0)]
+[(0.9)(2.2) + (0.8)(2.0)] + [(0.9)(2.2) + (0.5)(1)] + [(0.9)(2.2) + (0.6)(1.2)]
+[(0.8)(2.0) + (0.6)(1.6)] + [(0.8)(2.0) + (0.6)(1.2)] + [(0.8)(2.0) + (0.4)(0.8)]
+[(0.6)(1.6) + (0.4)(0.8)] + [(0.6)(1.6) + (0.4)(0.8)]
= 20.698.
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Fig 3. Generalized fuzzy transformation graph G++

Example for ¢*~: Clearly, V(G*™) = {p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) = 0.7, w(r) = 0.9, w(s) = 0.8, w(t) =
0.6, w(a) =0.6, w) =05, w()=06, w(d) =04 and w(e) =0.4. Also deg;+-(p) =degs+-(q) =degs+-(r) =
degs+-(s) = degg+-(t) = 2.5 and degs+-(a) =1.8, degs+-(b) =15, degg+(c) =18, degg+(d)=12 and
degg+-(e) = 1.2. Now, the modified first Zagreb index of G*~ is given by:
My = ZquE(G+—) [we+-(W)degg+(u) + wg+-(v)degs+- (V)]
= [wg+-(p)dege+-(p) + ws+-(@)degs+- (@] + [we+-(P)degg+-(P) + wg+-(t)degg+-(8)]
twg+-(p)dege+-(p) + wg+-(b)degg+-(b)] + [wg+-(p)degs+-(P) + wg+-(c)degg+-(c)]
twg+-(p)degg+- () + wg+-(d)degg+- ()] + [we+-(q)degs+-(q) + wg+-(r)degg+-(r)]
twg+-(q)dege+-(q) + wg+-(c)degg+- ()] + [wg+-(q)degs+-(q) + wg+-(d)degg+-(d)]
+lwg+-(q)degg+-(q) + wg+-(e)degg+-(e)] + [wg+-(r)degg+ (1) + wg+-(s)degg+-(s)]
Hawg+-(r)degg+- (1) + wg-(@)degg+-(a)] + [wg+-()degs+-(r) + wg+-(d)degg+-(d)]
twg-(r)dege+- (1) + wg+-(e)degg+-(e)] + [wg+-(s)degs+-(s) + we+-()degg+-(1)]
tHwg+-(s)degg+-(s) + wgr-(a)degg+-(a)] + [we+-(s)degg+= (D) + wg+-(t)degg+-(b)]
+lwg+-(s)degg+(s) + wg+-(e)degg+-(e)] + [wg+-(t)degs+(t) + wg+-(a)degg+-(a)]
twg+-(t)dege+-(t) + wg+-(b)degg+-(b)] + [wg+-(t)degg+-(t) + wg+-(c)degg+-(c)]
=41.7.
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Fig 4. Generalized fuzzy transformation graph G+-

Example for ¢=*: Clearly, V(G~") = {p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) = 0.7, w(r) = 0.9, w(s) = 0.8, w(t) =
0.6, w(a) = 0.6, w(b) = 0.5, w(c) = 0.6, w(d) = 0.4 and w(e) = 0.4. Also deg;-+(p) = 2.7 deg;-+(q) = 2.4 deg;—+(r) =
2.6 degg-+(s) =2.5 degs—+(t) = 2.0 and degg-+(a) = 1.2, degs-+(b) = 1.0, degs-+(c) = 1.2, degs;-+(d) = 0.8 and
deg;-+(e) = 0.8. Now, the modified first Zagreb index of G~* is given by:
M; = Yuwver—+) [0s-+Wdegs-+(u) + ws-+(v)deg;-+(v)]

= [wg-+(p)degs—+(p) + ws-+(r)degs-+(M)] + [ws-+(P)deg—+(p) + @+ (s)degs—+(5)]

+lwg-+(p)degs—+(p) + ws—+(a)degs—+(a)] + [wg—+(p)degs-+(p) + ws—+(e)degs-+(e)]

+lwg-+(q)degs-+(q) + wg—+(s)degs—+(s)] + [wg=+(q)deg;—+(q) + wg-+(t)degs—+(D)]

twg-+(q)dege-+(q) + ws-+(a@)degg-+ ()] + [ws-+(q)deg-+(q) + ws-+(b)degs—+(b)]

Fwg-+(r)degs-+ (1) + wg-+(t)degs—+(O)] + [we-+(r)degg-+(r) + ws-+(b)deg-+(b)]

Flwg-+(r)dege—+(r) + wg-+(c)degs—+(c)] + [ws—+(s)degs—+(s) + wg-+(c)degs—+(c)]

twg-+(s)degg-+(s) + ws-+(d)degs-+(d)] + [ws-+(t)degs-+(t) + ws-+(d)degs-+(d)]

tHwg-+()degs—+(t) + wg-+(e)degs-+(e)]
= 29.0098.
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Fig 5. Generalized fuzzy transformation graph G-+

Example for 6=: Clearly, V(¢™7) = {p,q,7,s,t,a,b,c,d, e} with w(p) = 0.9, w(q) = 0.7, w(r) = 0.9, w(s) = 0.8, w(t) =
0.6, w(a) = 0.6, w(b) = 0.5, w(c) = 0.6, w(d) = 0.4 and w(e) = 0.4. Also deg;--(p) = 3.2 degs--(q) = 2.7 degs—-(r) =
2.9 degs--(s) = 3.0 degs;—-(t) =29 and deg;--(a) = 1.8, degs--(b) = 1.5, degs;--(c) = 1.8, degs--(d) =1.2 and
degs--(e) = 1.2.
Now, the modified first Zagreb index of G~ is given by:
M; = Yuvep—) [wg—W)dege—(u) + wg—(v)degs—(v)]
= [wg--(p)dege—-(p) + we--(r)degs—(r)] + [we--(P)dege—-(P) + we--(s)degs—-(s)]
twe—-(p)degs—(p) + ws—-(b)degs—-(b)] + [wg=-(p)degs--(p) + we--(c)degs—(c)]
tws—-(p)degs—- ) + ws-—-(d)degg—-(d)] + [ws--(r)degg—- () + ws—-(t)degs— ()]
+wg--(r)dege--(r) + wg-—-(a)degs—(a)] + [ws—-(r)degs— (1) + wg--(d)degs—-(d)]
twe-—-(r)dege--(r) + ws—-(e)degs—-(e)] + [wg--(t)degs—-(t) + ws—-(q)degs—(q)]
twg-—-(t)dege—(t) + wg--(a)dege—(a)] + [ws—-(t)degs—(t) + wg--(b)degs—-(b)]
+lwg—-(t)dege—-(t) + we—-(c)dege—-(c)] + [we—-(q)dege—-(q) + we—-(s)dege—-(s)]
twe—-(q)degs—(q) + ws—-(c)dege--(c)] + [ws—-(q)degs—-(q) + ws—-(d)degs--(d)]
+we-—-(q)degs—-(q) + ws—-(e)degs—(e)] + [we--(s)degs—-(5) + ws—-(a)degs--(a)]
+Hwg--(s)degs--(s) + wg—-(b)degs—-(b)] + [wg--(s)degs—-(s) + ws—-(e)degs--(e)]
= 53.6302.
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Fig 6. Generalized fuzzy transformation graph G--

3 Results:

Observation 1: Let G = (V, w, p) be a fuzzy graph with v € V(G) and e € E(G) then
degg++(v) = 2degs(v), deggs++(e") = 2p(e)
degg+-(v) = Leer p(€), degg+-(e) = (n — 2)p(e)
dege-+() = dege(v) + Zuver [0(W) A w ()], degg+-(e') = 2p(e)
degs—-(v) = Yuver [0(W) Aw@)] + Xpe pe), degg+-(e) = (n—2)p(e)
where e’ is the corresponding edge-vertex in G*¥ and v-e denote the vertex v is not incident to an edge e.

Theorem 2: Let G = (V, w, p) be a fuzzy graph and G** is the generalized fuzzy transformation graph of G. Thn
M;(G**) < 2M;(G) + 8m.

Proof: Let G = (V,w,p) be a fuzzy graph with {w(v,), w(v,), w(v3), -, w(v,)} and {p(e;), p(e;), p(es), -, p(em)} be the
membership values of vertices and edges of G respectively. Then V(G**) = V(G) U E(G) by definition of G**. Therefore, the
modified first Zagreb index of generalized transformation graph G** is given by:

M (G™) = Zuvere++) [o(Wdege++ () + w(v)degg++(v)]

= Ywer+ne) [wdegg++ (W) + w(w)degg++ (W) + Xuver+H-ri) [w)degg++(u) +
w(v)degg++(v)]
By Observation 1(a), we have deg ++(v) = 2deg;(v), deg ++(e") = 2p(e). Therefore,

Mi(G*) = Yuverc+Hne) [wW)2degs(w) + w(v)2deg; (v)] + Yuverc+H-£c) w@)2dege(u) +
w@)p(uv)]

= 2Ywerthnec)  [wdegs(w) + w(w)dege ()] 2 Xuvere++)-p6)  [@wW)degg(w) +
w@)p(uv)]
Itistruethat 0 < w < 1and 0 < p < 1. Therefore,
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MI(G*) < 2M1(G) + 2[Zuev dege (W] + 2 Tuverc+)-£6) (D).
Since Yuey dege (W) = Xuey Zuzv p(uv) < 2mand |E(GT)| = 3m.
Therefore, |[E(G*Y) — E(G)| = 3m — m = 2m. Hence,
M;(G*Y) < 2M;(G) + 2(2m) + 2(2m)
< 2M;(G) + 8m.
Theorem 3: Let G = (V, w, p) be a fuzzy graph and G*~ is the generalized fuzzy transformation graph of G. Thn

www.ijcrt.org

M;(G*) < nm? + m(n — 2)?

Proof. Let G = (V,w, p) be a fuzzy graph with {w(v,), w(v;), w(v3), -, w(v,)} and {p(e1),p(ez), p(es), -, p(en)} be the
membership values of vertices and edges of G respectively. Then V(G*~) = V(G) U E(G) by definition of G*~. Therefore, the
modified first Zagreb index of generalized transformation graph G*~ is given by:
M;(G*7) = Buwvere+) [o(Wdegg+-(u) + w(v)degg+-(v)]
= YwerG+tnee) o@degg+- (W) + w(w)degy+-(v)] +
Yuvert)-66) [wWdegg+r-(w) + w(v)degg+- (V)]
By Observation 1(b), we have degg+-(v) = Yeep p(€), degg+-(e") = (n — 2)p(e). Therefore,
Mi(G™7) = Zuwer(ct)nee) W) Xeer p(€) + (W) eer P(O] + Xuvert)-e)  [@W) Xeer p(€) +
w@)(n —2)p(e)]
Itistruethat 0 < w < 1and 0 < p < 1. Therefore,
MI(G™7) = Zuveret)ne) (D) Zeer (D) + 1 ¥eer (D] + Xuvere+)-£() [1 Zeer (1) + (D (n—2)(1)]

Since, [E(G*7)| = m(n — 1). Therefore, |E(G*™) — E(G)| = m(n — 1) —m = m(n — 2). Hence,
M;(G*) <m(2m) + m(n—2)(m + (n — 2))
< nm? + m(n — 2)*.
Theorem 4: Let G = (V, w, p) be a fuzzy graph and G~ is the generalized fuzzy transformation graph of G. Thn

n(n-1)>2

Mi(6™) < ™24 2m(n — 1) + n(n — 1),

Proof. Let G = (V,w, p) be a fuzzy graph with {w(v,), w(v,), w(v3), -, w(v,)} and {p(e,), p(ez), p(es), -, p(en,)} be the
membership values of vertices and edges of G respectively. Then V(G=") = V(G) U E(G) by definition of G~*. Therefore, the
modified first Zagreb index of generalized transformation graph G~ is given by:
Mi(G™) = Zuwver—+) [oWdege—+w) + w(v)degg-+(v)]
= Yuwer—Hne@) w@)dege—+w) + w()dege-+W)] +
Yuver(c -5 [wWdege-+w) + w(v)degg-+(v)]

By Observation 1(c), we have deg;-+(v) = degq(v) + Yuver [0(W) A w(v)], degs+-(e") = 2p(e). Therefore,

Mi(G™) = Zwver(cP)ne)  [w@)ldege W) + Luver [0 Aw@)]] + w@)[degs (V) + Tuver [0w) A

w()]]]
+Xwer-£@) [@W)[degs (W) + Luver [@W) A w(@)]] + w(v)2p(e)]

MI(G™) = Xuver) [wW)dege (u) + w(v)degs (v)]
+ Ywver) [0 [Euwer [0W) A w(W)]] + 0 (W) [Xuver [0 A w@)]]]
+ 2ueve) [wWdegs (W] + Xwverc+H-£6) [0 W [Xuwver [0(W) A w()]]]
+2 Yuwerc+H)-£@) P(UV)
Mi(GHSM(G)+X+2m+Y+nn-1) 4)
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where

X= ) @l [wwAreml+eml ) [©wre@l]

UveE(G) Uv¢E uvéE
and
v= > e@) [wwArem)]]
uveE(GtH)—E(G) uvgE

Now, we solve X and Y separately to get the required result;

X = Ywver(6) [0W[Luwer [0W) A o(W)]] + 0 (W) [Buver [0W) Aw@)]]]
< Ywer@ @@ —1—degs(W)[wW) Aw@)] + w@)(n -1 - degg(v))[ww) A w(¥)]

Since 0 < w(u) A w(v) < 1, therefore
X< (=1 Xuer [0W) + (V)] = Xuver [w(W)dege(u) + w(v)degs(v)]
Since 0 < w(u) < 1, therefore
X <2m(n—1) — M{(G). (5)
Now consider,
r= ) [eml) [ewAre@]
wveE(GTH)—E(G) uvgE

< Ywer@th-£@) @@ =1 —=degs(w)[w(w) A w(v)]

= (n—1) Ywee@+H-rc) @[ A w@)] + Xwer++-@6) @@degs(W)[w@w) A w()]
Since 0 < w(u) < 1land 0 < w(u) Aw(v) < 1, therefore

nmn-1)>

Y <=—=-2m. (6)
Putting (5) and (6) in (4) we get the required result.

Theorem 5: Let G = (V, w, p) be a fuzzy graph and G~ is the generalized fuzzy transformation graph of G. Thn
Mi(GT) <2m(m+n-1)+ % [2n+m—=3)[2m(n —4)) + n(n —1)]] — 4m — 2M7(G)
Proof. Let G = (V,w, p) be a fuzzy graph with {w(v,), w(vy), w(v3), -, w(v,)} and {p(e;), p(e,), p(es), -, p(en)} be the
membership values of vertices and edges of G respectively. Then V(G~7) = V(G) U E(G) by definition of G~~. Therefore, the
modified first Zagreb index of generalized transformation graph G~ is given by:
M{(G™7) = Xuvere—) [@W)dege--(uw) + w(v)degs--(v)]
= Ywer-ne@) w)degs—-W) + w(W)degs—W)] + Ywver-)-r@) [@W)dege—-(u) +
w(v)degs--(v)]
By Observation 1(d), we have degs--(v) = Yuver [@(W) A w(W)] + Xy p(e), degs+-(e) = (n — 2)p(e). Therefore,
Mi(G™7) = Xwer—ne@) (@ [Epe p(€) + Xuver [0 A w()]] + @(V)[Xye p(e) +
Luvgr [0W) A w()]]]
+Xwere)-£@) (@ [Eve p(€) + Xuver [0(W) A w(W)]] + w(@)(n = 2)p(e)]

M{(GT)<X+Y @)

where

X= Y @) @+ Y [wwreml+e®D) pE)+ ) (6@ Aow)]]

uveE(G~T)NE(G) UVEE v-e UVEE

and
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Y = Ywer -6 [@W[Eve p(€) + Xuver [0(W) A w(W)]] + w(w)(n — 2)p(e)]

On solving X and Y bearing in mind the following facts :
s0<w<land0<p<1
c0<wAwl) <1
n(n-1)

(EGT)] =" 4 m(n — 4)

* Yue p(e) < [m—degs(w)]p(e)
* Yuwvee [0 Aw@)] < (n =1 —degg(W)[ww) A w()]
wegetX <2m(m+n-1)—-2M;(G) and

Y =[(2n+m—3)[2m(n — 4) +n(n — D]] — 4m

Put the values of X and Y in (7) to get the result.

4 Conclusion:

The modified first Zagreb index plays an important role in obtaining the bounds for generalized fuzzy transformation

graphs. The QSPR-study on this parameter can be done by the researchers to validate its applications in chemistry.
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