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ABSTRACT 

This paper introduces the Modified First Zagreb Index (M1*(G)) for fuzzy graphs, defined as the sum of the products of vertex 

degrees and their corresponding membership values for all adjacent vertex pairs. While traditional Zagreb indices have been 

extensively studied, this modified version provides a nuanced approach to capturing structural properties in fuzzy environments. 

We establish rigorous upper bounds for M1*(G) across four types of generalized fuzzy transformation graphs (G++, G+-, G-+, and 

G--) in terms of the fundamental elements of the base graph G. Numerical examples and graphical representations are provided to 

illustrate the theoretical results and distinguish this index from existing ones. 
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1  Introduction 

 Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with vertex set 𝑉 and the membership values for the vertices and edges are defined 

by 𝜔: 𝑉 → [0,1] and 𝜌: 𝑉 × 𝑉 → [0,1] respectively satisfying 𝜌(𝑢, 𝑣) ≤ 𝜔(𝑢) ∧ 𝜔(𝑣) where ∧ represents the minimum. 𝜔(𝑢) 

represents the membership value for the vertex 𝑢 ∈ 𝑉(𝐺) and 𝜌(𝑒) represents the membership value of an edge 𝑒 ∈ 𝐸(𝐺). The 

degree of a vertex 𝑣 ∈ 𝑉(𝐺) is the sum of the membership values of the edges which are incident to a vertex 𝑣. i.e 𝑑𝑒𝑔𝐺(𝑣) =

∑𝑢≠𝑣 𝜌(𝑢𝑣). It is obvious that ∑𝑣∈𝑉(𝐺) 𝑑𝑒𝑔𝐺(𝑣) = ∑𝑣∈𝑉(𝐺) ∑𝑢≠𝑣 𝜌(𝑢𝑣) ≤ 2𝑚 where 𝑚 = |𝐸(𝐺)|. For undefined terminology in 

this paper refer [7,14]. 

A topological index is a number generated from a molecular structure (i.e., a graph) that indicates the essential structural 

properties of the proposed molecule. Indeed, it is an algebraic quantity connected with the chemical structure that correlates it 

with various physical characteristics. It is possible to determine several different properties, such as chemical activity, 

thermodynamic properties, physicochemical activity, and biological activity, using several topological indices. Zagreb indices[4] 

are one among them, these indices are used to calculate 𝜋-electron energy of a conjugate system.  
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Nowadays, due to various applications of fuzzy graph theory, a huge number of researchers are working on topological 

indices[2, 3, 5, 6, 9-11, 15, 16]. Kalathian et.al[12] have studied the first index for fuzzy graphs and is defined as follows:  

 𝑀1(𝐺) = ∑𝑛
𝑖=1 𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑣𝑖)2 (1) 

 To maintain the similarity of the first Zagreb index for crisp graphs, Islam and Pal[10] redefined the first Zagreb index in the 

following way.  

 𝑀1(𝐺) = ∑𝑛
𝑖=1 [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑣𝑖)]2 (2) 

 

In this paper, the modified first Zagreb index is put forward by keeping (3) in mind. It is defined as:  

 𝑀1(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) [𝜔(𝑢)𝑑𝑒𝑔𝐺 + 𝜔(𝑣)𝑑𝑒𝑔𝐺(𝑣)] (3) 

 

In fact, (1) and (3) gives the same results for crisp graphs but (5) and (6) are not the same. The difference between these 

two definitions are explored by the following example. 

Example 1. Consider a fuzzy graph with 𝑉(𝐺) = {𝑝, 𝑞, 𝑟, 𝑠} and 𝐸(𝐺){𝑝𝑞, 𝑞𝑟, 𝑞𝑠, 𝑟𝑠} where 𝜔(𝑝) = 0.7, 𝜔(𝑞) = 0.9, 𝜔(𝑟) =

0.6, 𝜔(𝑠) = 0.7, 𝜌(𝑝𝑞) = 0.5, 𝜌(𝑞𝑟) = 0.6, 𝜌(𝑞𝑠) = 0.5 and 𝜌(𝑟𝑠) = 0.4. Then degrees of each vertex of 𝐺 is given by 

𝑑𝑒𝑔𝐺(𝑝) = 0.5, 𝑑𝑒𝑔𝐺(𝑞) = 1.6, 𝑑𝑒𝑔𝐺(𝑟) = 1.0 and 𝑑𝑒𝑔𝐺(𝑠) = 0.9. Therefore the first Zagreb index of 𝐺 is given by:  

 𝑀1(𝐺) = ∑𝑢∈𝑉(𝐺) [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢)]2 

 = [(0.7)(0.5)]2 + [(0.9)(1.6)]2 + [(0.6)(1.0)]2 + [(0.7)(0.9)]2 

 = 4.0555. 

 

Now consider the modified first Zagreb index for fuzzy graphs:  

 𝑀1
∗(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺(𝑣)] 

 = [𝜔(𝑝)𝑑𝑒𝑔𝐺(𝑝) + 𝜔(𝑞)𝑑𝑒𝑔𝐺(𝑞)] + [𝜔(𝑞)𝑑𝑒𝑔𝐺(𝑞) + 𝜔(𝑟)𝑑𝑒𝑔𝐺(𝑟)] +  [𝜔(𝑞)𝑑𝑒𝑔𝐺(𝑞) + 𝜔(𝑠)𝑑𝑒𝑔𝐺(𝑠)] 

 +[𝜔(𝑠)𝑑𝑒𝑔𝐺(𝑠) + 𝜔(𝑟)𝑑𝑒𝑔𝐺(𝑟)] 

 = [(0.7)(0.5) + (0.9)(1.6)] + [(0.9)(1.6) + (0.6)(1.0)] + [(0.9)(1.6) +  (0.7)(0.9)] 

 +[(0.7)(0.9) + (0.9)(1.0)] 

 = 7.13. 

 

Clearly, for this graph 𝑀1
∗(𝐺) > 𝑀1(𝐺). Therefore, we have selected this parameter for the study. 
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2 Generalized Fuzzy Transformation Graphs 

 Basavanagoud et.al[1] studied the Zagreb indices of generalized transformation graphs. In same way the generalized 

fuzzy transformation graphs have been studied in [13]. In this paper, the modified first Zagreb index of generalized fuzzy 

transformation graphs are studied. Consider a fuzzy cycle 𝐶5 depicted in Figure 2. The examples for generalized fuzzy 

transformation graphs of fuzzy cycle are given below:  

 

   

Example for 𝑮++: Clearly, 𝑉(𝐺++) = {𝑝, 𝑞, 𝑟, 𝑠, 𝑡, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with 𝜔(𝑝) = 0.9, 𝜔(𝑞) = 0.7, 𝜔(𝑟) = 0.9, 𝜔(𝑠) = 0.8, 𝜔(𝑡) =

0.6, 𝜔(𝑎) = 0.6, 𝜔(𝑏) = 0.5, 𝜔(𝑐) = 0.6, 𝜔(𝑑) = 0.4 and 𝜔(𝑒) = 0.4. Also 𝑑𝑒𝑔𝐺++(𝑝) = 2𝜌(𝑎) + 2𝜌(𝑒) = 2(0.6) +

2(0.4) = 2.0. Similarly, 𝑑𝑒𝑔𝐺++(𝑞) = 2.2, 𝑑𝑒𝑔𝐺++(𝑟) = 2.2, 𝑑𝑒𝑔𝐺++(𝑠) = 2.0, 𝑑𝑒𝑔𝐺++(𝑡) = 1.6 and 𝑑𝑒𝑔𝐺++(𝑎) = 2𝜌(𝑎) =

1.2. Similarly, 𝑑𝑒𝑔𝐺++(𝑏) = 1.0, 𝑑𝑒𝑔𝐺++(𝑐) = 1.2, 𝑑𝑒𝑔𝐺++(𝑑) = 0.8 and 𝑑𝑒𝑔𝐺++(𝑒) = 0.8. Now, the modified first Zagreb 

index of 𝐺++ is given by:  

 𝑀1
∗ = ∑𝑢𝑣∈𝐸(𝐺++) [𝜔𝐺++(𝑢)𝑑𝑒𝑔𝐺++(𝑢) + 𝜔𝐺++(𝑣)𝑑𝑒𝑔𝐺++(𝑣)] 

 = [𝜔𝐺++(𝑝)𝑑𝑒𝑔𝐺++(𝑝) + 𝜔𝐺++(𝑞)𝑑𝑒𝑔𝐺++(𝑞)] + [𝜔𝐺++(𝑝)𝑑𝑒𝑔𝐺++(𝑝) +   𝜔𝐺++(𝑡)𝑑𝑒𝑔𝐺++(𝑡)] 

 +[𝜔𝐺++(𝑝)𝑑𝑒𝑔𝐺++(𝑝) + 𝜔𝐺++(𝑎)𝑑𝑒𝑔𝐺++(𝑎)] + [𝜔𝐺++(𝑝)𝑑𝑒𝑔𝐺++(𝑝) +  𝜔𝐺++(𝑒)𝑑𝑒𝑔𝐺++(𝑒)] 

 +[𝜔𝐺++(𝑞)𝑑𝑒𝑔𝐺++(𝑞) + 𝜔𝐺++(𝑟)𝑑𝑒𝑔𝐺++(𝑟)] + [𝜔𝐺++(𝑞)𝑑𝑒𝑔𝐺++(𝑞) +   𝜔𝐺++(𝑎)𝑑𝑒𝑔𝐺++(𝑎)] 

 +[𝜔𝐺++(𝑞)𝑑𝑒𝑔𝐺++(𝑞) + 𝜔𝐺++(𝑏)𝑑𝑒𝑔𝐺++(𝑏)] + [𝜔𝐺++(𝑟)𝑑𝑒𝑔𝐺++(𝑟) +  𝜔𝐺++(𝑠)𝑑𝑒𝑔𝐺++(𝑠)] 

 +[𝜔𝐺++(𝑟)𝑑𝑒𝑔𝐺++(𝑟) + 𝜔𝐺++(𝑏)𝑑𝑒𝑔𝐺++(𝑏)] + [𝜔𝐺++(𝑟)𝑑𝑒𝑔𝐺++(𝑟) +  𝜔𝐺++(𝑐)𝑑𝑒𝑔𝐺++(𝑐)] 

 +[𝜔𝐺++(𝑠)𝑑𝑒𝑔𝐺++(𝑠) + 𝜔𝐺++(𝑡)𝑑𝑒𝑔𝐺++(𝑡)] + [𝜔𝐺++(𝑠)𝑑𝑒𝑔𝐺++(𝑠) +  𝜔𝐺++(𝑐)𝑑𝑒𝑔𝐺++(𝑐)] 

 +[𝜔𝐺++(𝑠)𝑑𝑒𝑔𝐺++(𝑠) + 𝜔𝐺++(𝑑)𝑑𝑒𝑔𝐺++(𝑑)] + [𝜔𝐺++(𝑡)𝑑𝑒𝑔𝐺++(𝑡) +  𝜔𝐺++(𝑑)𝑑𝑒𝑔𝐺++(𝑑)] 

 +[𝜔𝐺++(𝑡)𝑑𝑒𝑔𝐺++(𝑡) + 𝜔𝐺++(𝑒)𝑑𝑒𝑔𝐺++(𝑒)] 

 = [(0.9)(2) + (0.7)(2.2)] + [(0.9)(2) + (0.6)(1.6)] + [(0.9)(2) + (0.6)(1.2)] + [(0.9)(2) + (0.4)(0.8)] 

 +[(0.7)(2.2) + (0.9)(2.2)] + [(0.7)(2.2) + (0.6)(1.2)] + [(0.7)(2.2) +  (0.5)(1.0)] 

 +[(0.9)(2.2) + (0.8)(2.0)] + [(0.9)(2.2) + (0.5)(1)] + [(0.9)(2.2) + (0.6)(1.2)] 

 +[(0.8)(2.0) + (0.6)(1.6)] + [(0.8)(2.0) + (0.6)(1.2)] + [(0.8)(2.0) +  (0.4)(0.8)]  

 +[(0.6)(1.6) + (0.4)(0.8)] + [(0.6)(1.6) + (0.4)(0.8)] 

 = 20.698. 
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Example for 𝑮+−: Clearly, 𝑉(𝐺+−) = {𝑝, 𝑞, 𝑟, 𝑠, 𝑡, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with 𝜔(𝑝) = 0.9, 𝜔(𝑞) = 0.7, 𝜔(𝑟) = 0.9, 𝜔(𝑠) = 0.8, 𝜔(𝑡) =

0.6, 𝜔(𝑎) = 0.6, 𝜔(𝑏) = 0.5, 𝜔(𝑐) = 0.6, 𝜔(𝑑) = 0.4 and 𝜔(𝑒) = 0.4. Also 𝑑𝑒𝑔𝐺+−(𝑝) = 𝑑𝑒𝑔𝐺+−(𝑞) = 𝑑𝑒𝑔𝐺+−(𝑟) =

𝑑𝑒𝑔𝐺+−(𝑠) = 𝑑𝑒𝑔𝐺+−(𝑡) = 2.5 and 𝑑𝑒𝑔𝐺+−(𝑎) = 1.8, 𝑑𝑒𝑔𝐺+−(𝑏) = 1.5, 𝑑𝑒𝑔𝐺+−(𝑐) = 1.8, 𝑑𝑒𝑔𝐺+−(𝑑) = 1.2 and 

𝑑𝑒𝑔𝐺+−(𝑒) = 1.2. Now, the modified first Zagreb index of 𝐺+− is given by:  

 𝑀1
∗ = ∑𝑢𝑣∈𝐸(𝐺+−) [𝜔𝐺+−(𝑢)𝑑𝑒𝑔𝐺+−(𝑢) + 𝜔𝐺+−(𝑣)𝑑𝑒𝑔𝐺+−(𝑣)] 

 = [𝜔𝐺+−(𝑝)𝑑𝑒𝑔𝐺+−(𝑝) + 𝜔𝐺+−(𝑞)𝑑𝑒𝑔𝐺+−(𝑞)] + [𝜔𝐺+−(𝑝)𝑑𝑒𝑔𝐺+−(𝑝) +  𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑡)] 

 +[𝜔𝐺+−(𝑝)𝑑𝑒𝑔𝐺+−(𝑝) + 𝜔𝐺+−(𝑏)𝑑𝑒𝑔𝐺+−(𝑏)] + [𝜔𝐺+−(𝑝)𝑑𝑒𝑔𝐺+−(𝑝) +  𝜔𝐺+−(𝑐)𝑑𝑒𝑔𝐺+−(𝑐)] 

 +[𝜔𝐺+−(𝑝)𝑑𝑒𝑔𝐺+−(𝑝) + 𝜔𝐺+−(𝑑)𝑑𝑒𝑔𝐺+−(𝑑)] + [𝜔𝐺+−(𝑞)𝑑𝑒𝑔𝐺+−(𝑞) +   𝜔𝐺+−(𝑟)𝑑𝑒𝑔𝐺+−(𝑟)] 

 +[𝜔𝐺+−(𝑞)𝑑𝑒𝑔𝐺+−(𝑞) + 𝜔𝐺+−(𝑐)𝑑𝑒𝑔𝐺+−(𝑐)] + [𝜔𝐺+−(𝑞)𝑑𝑒𝑔𝐺+−(𝑞) +  𝜔𝐺+−(𝑑)𝑑𝑒𝑔𝐺+−(𝑑)] 

 +[𝜔𝐺+−(𝑞)𝑑𝑒𝑔𝐺+−(𝑞) + 𝜔𝐺+−(𝑒)𝑑𝑒𝑔𝐺+−(𝑒)] + [𝜔𝐺+−(𝑟)𝑑𝑒𝑔𝐺+−(𝑟) +  𝜔𝐺+−(𝑠)𝑑𝑒𝑔𝐺+−(𝑠)] 

 +[𝜔𝐺+−(𝑟)𝑑𝑒𝑔𝐺+−(𝑟) + 𝜔𝐺+−(𝑎)𝑑𝑒𝑔𝐺+−(𝑎)] + [𝜔𝐺+−(𝑟)𝑑𝑒𝑔𝐺+−(𝑟) +  𝜔𝐺+−(𝑑)𝑑𝑒𝑔𝐺+−(𝑑)] 

 +[𝜔𝐺+−(𝑟)𝑑𝑒𝑔𝐺+−(𝑟) + 𝜔𝐺+−(𝑒)𝑑𝑒𝑔𝐺+−(𝑒)] + [𝜔𝐺+−(𝑠)𝑑𝑒𝑔𝐺+−(𝑠) +  𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑡)] 

 +[𝜔𝐺+−(𝑠)𝑑𝑒𝑔𝐺+−(𝑠) + 𝜔𝐺+−(𝑎)𝑑𝑒𝑔𝐺+−(𝑎)] + [𝜔𝐺+−(𝑠)𝑑𝑒𝑔𝐺+−(𝑏) +   𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑏)] 

 +[𝜔𝐺+−(𝑠)𝑑𝑒𝑔𝐺+−(𝑠) + 𝜔𝐺+−(𝑒)𝑑𝑒𝑔𝐺+−(𝑒)] + [𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑡) +  𝜔𝐺+−(𝑎)𝑑𝑒𝑔𝐺+−(𝑎)] 

 +[𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑡) + 𝜔𝐺+−(𝑏)𝑑𝑒𝑔𝐺+−(𝑏)] + [𝜔𝐺+−(𝑡)𝑑𝑒𝑔𝐺+−(𝑡) +  𝜔𝐺+−(𝑐)𝑑𝑒𝑔𝐺+−(𝑐)] 

 = 41.7. 
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Example for 𝑮−+: Clearly, 𝑉(𝐺−+) = {𝑝, 𝑞, 𝑟, 𝑠, 𝑡, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with 𝜔(𝑝) = 0.9, 𝜔(𝑞) = 0.7, 𝜔(𝑟) = 0.9, 𝜔(𝑠) = 0.8, 𝜔(𝑡) =

0.6, 𝜔(𝑎) = 0.6, 𝜔(𝑏) = 0.5, 𝜔(𝑐) = 0.6, 𝜔(𝑑) = 0.4 and 𝜔(𝑒) = 0.4. Also 𝑑𝑒𝑔𝐺−+(𝑝) = 2.7 𝑑𝑒𝑔𝐺−+(𝑞) = 2.4 𝑑𝑒𝑔𝐺−+(𝑟) =

2.6 𝑑𝑒𝑔𝐺−+(𝑠) = 2.5 𝑑𝑒𝑔𝐺−+(𝑡) = 2.0 and 𝑑𝑒𝑔𝐺−+(𝑎) = 1.2, 𝑑𝑒𝑔𝐺−+(𝑏) = 1.0, 𝑑𝑒𝑔𝐺−+(𝑐) = 1.2, 𝑑𝑒𝑔𝐺−+(𝑑) = 0.8 and 

𝑑𝑒𝑔𝐺−+(𝑒) = 0.8. Now, the modified first Zagreb index of 𝐺−+ is given by:  

 𝑀1
∗ = ∑𝑢𝑣∈𝐸(𝐺−+) [𝜔𝐺−+(𝑢)𝑑𝑒𝑔𝐺−+(𝑢) + 𝜔𝐺−+(𝑣)𝑑𝑒𝑔𝐺−+(𝑣)] 

 = [𝜔𝐺−+(𝑝)𝑑𝑒𝑔𝐺−+(𝑝) + 𝜔𝐺−+(𝑟)𝑑𝑒𝑔𝐺−+(𝑟)] + [𝜔𝐺−+(𝑝)𝑑𝑒𝑔𝐺−+(𝑝) +  𝜔𝐺−+(𝑠)𝑑𝑒𝑔𝐺−+(𝑠)] 

 +[𝜔𝐺−+(𝑝)𝑑𝑒𝑔𝐺−+(𝑝) + 𝜔𝐺−+(𝑎)𝑑𝑒𝑔𝐺−+(𝑎)] + [𝜔𝐺−+(𝑝)𝑑𝑒𝑔𝐺−+(𝑝) +   𝜔𝐺−+(𝑒)𝑑𝑒𝑔𝐺−+(𝑒)] 

 +[𝜔𝐺−+(𝑞)𝑑𝑒𝑔𝐺−+(𝑞) + 𝜔𝐺−+(𝑠)𝑑𝑒𝑔𝐺−+(𝑠)] + [𝜔𝐺−+(𝑞)𝑑𝑒𝑔𝐺−+(𝑞) +  𝜔𝐺−+(𝑡)𝑑𝑒𝑔𝐺−+(𝑡)] 

 +[𝜔𝐺−+(𝑞)𝑑𝑒𝑔𝐺−+(𝑞) + 𝜔𝐺−+(𝑎)𝑑𝑒𝑔𝐺−+(𝑎)] + [𝜔𝐺−+(𝑞)𝑑𝑒𝑔𝐺−+(𝑞) + 𝜔𝐺−+(𝑏)𝑑𝑒𝑔𝐺−+(𝑏)] 

 +[𝜔𝐺−+(𝑟)𝑑𝑒𝑔𝐺−+(𝑟) + 𝜔𝐺−+(𝑡)𝑑𝑒𝑔𝐺−+(𝑡)] + [𝜔𝐺−+(𝑟)𝑑𝑒𝑔𝐺−+(𝑟) + 𝜔𝐺−+(𝑏)𝑑𝑒𝑔𝐺−+(𝑏)] 

 +[𝜔𝐺−+(𝑟)𝑑𝑒𝑔𝐺−+(𝑟) + 𝜔𝐺−+(𝑐)𝑑𝑒𝑔𝐺−+(𝑐)] + [𝜔𝐺−+(𝑠)𝑑𝑒𝑔𝐺−+(𝑠) +  𝜔𝐺−+(𝑐)𝑑𝑒𝑔𝐺−+(𝑐)] 

 +[𝜔𝐺−+(𝑠)𝑑𝑒𝑔𝐺−+(𝑠) + 𝜔𝐺−+(𝑑)𝑑𝑒𝑔𝐺−+(𝑑)] + [𝜔𝐺−+(𝑡)𝑑𝑒𝑔𝐺−+(𝑡) +   𝜔𝐺−+(𝑑)𝑑𝑒𝑔𝐺−+(𝑑)] 

 +[𝜔𝐺−+(𝑡)𝑑𝑒𝑔𝐺−+(𝑡) + 𝜔𝐺−+(𝑒)𝑑𝑒𝑔𝐺−+(𝑒)] 

 = 29.0098. 
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Example for 𝑮−−: Clearly, 𝑉(𝐺−−) = {𝑝, 𝑞, 𝑟, 𝑠, 𝑡, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with 𝜔(𝑝) = 0.9, 𝜔(𝑞) = 0.7, 𝜔(𝑟) = 0.9, 𝜔(𝑠) = 0.8, 𝜔(𝑡) =

0.6, 𝜔(𝑎) = 0.6, 𝜔(𝑏) = 0.5, 𝜔(𝑐) = 0.6, 𝜔(𝑑) = 0.4 and 𝜔(𝑒) = 0.4. Also 𝑑𝑒𝑔𝐺−−(𝑝) = 3.2 𝑑𝑒𝑔𝐺−−(𝑞) = 2.7 𝑑𝑒𝑔𝐺−−(𝑟) =

2.9 𝑑𝑒𝑔𝐺−−(𝑠) = 3.0 𝑑𝑒𝑔𝐺−−(𝑡) = 2.9 and 𝑑𝑒𝑔𝐺−−(𝑎) = 1.8, 𝑑𝑒𝑔𝐺−−(𝑏) = 1.5, 𝑑𝑒𝑔𝐺−−(𝑐) = 1.8, 𝑑𝑒𝑔𝐺−−(𝑑) = 1.2 and 

𝑑𝑒𝑔𝐺−−(𝑒) = 1.2.  

Now, the modified first Zagreb index of 𝐺−− is given by:  

 𝑀1
∗ = ∑𝑢𝑣∈𝐸(𝐺−−) [𝜔𝐺−−(𝑢)𝑑𝑒𝑔𝐺−−(𝑢) + 𝜔𝐺−−(𝑣)𝑑𝑒𝑔𝐺−−(𝑣)] 

 = [𝜔𝐺−−(𝑝)𝑑𝑒𝑔𝐺−−(𝑝) + 𝜔𝐺−−(𝑟)𝑑𝑒𝑔𝐺−−(𝑟)] + [𝜔𝐺−−(𝑝)𝑑𝑒𝑔𝐺−−(𝑝) +  𝜔𝐺−−(𝑠)𝑑𝑒𝑔𝐺−−(𝑠)] 

 +[𝜔𝐺−−(𝑝)𝑑𝑒𝑔𝐺−−(𝑝) + 𝜔𝐺−−(𝑏)𝑑𝑒𝑔𝐺−−(𝑏)] + [𝜔𝐺−−(𝑝)𝑑𝑒𝑔𝐺−−(𝑝) + 𝜔𝐺−−(𝑐)𝑑𝑒𝑔𝐺−−(𝑐)] 

 +[𝜔𝐺−−(𝑝)𝑑𝑒𝑔𝐺−−(𝑝) + 𝜔𝐺−−(𝑑)𝑑𝑒𝑔𝐺−−(𝑑)] + [𝜔𝐺−−(𝑟)𝑑𝑒𝑔𝐺−−(𝑟) +  𝜔𝐺−−(𝑡)𝑑𝑒𝑔𝐺−−(𝑡)] 

 +[𝜔𝐺−−(𝑟)𝑑𝑒𝑔𝐺−−(𝑟) + 𝜔𝐺−−(𝑎)𝑑𝑒𝑔𝐺−−(𝑎)] + [𝜔𝐺−−(𝑟)𝑑𝑒𝑔𝐺−−(𝑟) +   𝜔𝐺−−(𝑑)𝑑𝑒𝑔𝐺−−(𝑑)] 

 +[𝜔𝐺−−(𝑟)𝑑𝑒𝑔𝐺−−(𝑟) + 𝜔𝐺−−(𝑒)𝑑𝑒𝑔𝐺−−(𝑒)] + [𝜔𝐺−−(𝑡)𝑑𝑒𝑔𝐺−−(𝑡) +  𝜔𝐺−−(𝑞)𝑑𝑒𝑔𝐺−−(𝑞)] 

 +[𝜔𝐺−−(𝑡)𝑑𝑒𝑔𝐺−−(𝑡) + 𝜔𝐺−−(𝑎)𝑑𝑒𝑔𝐺−−(𝑎)] + [𝜔𝐺−−(𝑡)𝑑𝑒𝑔𝐺−−(𝑡) +  𝜔𝐺−−(𝑏)𝑑𝑒𝑔𝐺−−(𝑏)] 

 +[𝜔𝐺−−(𝑡)𝑑𝑒𝑔𝐺−−(𝑡) + 𝜔𝐺−−(𝑐)𝑑𝑒𝑔𝐺−−(𝑐)] + [𝜔𝐺−−(𝑞)𝑑𝑒𝑔𝐺−−(𝑞) +  𝜔𝐺−−(𝑠)𝑑𝑒𝑔𝐺−−(𝑠)] 

 +[𝜔𝐺−−(𝑞)𝑑𝑒𝑔𝐺−−(𝑞) + 𝜔𝐺−−(𝑐)𝑑𝑒𝑔𝐺−−(𝑐)] + [𝜔𝐺−−(𝑞)𝑑𝑒𝑔𝐺−−(𝑞) +   𝜔𝐺−−(𝑑)𝑑𝑒𝑔𝐺−−(𝑑)] 

 +[𝜔𝐺−−(𝑞)𝑑𝑒𝑔𝐺−−(𝑞) + 𝜔𝐺−−(𝑒)𝑑𝑒𝑔𝐺−−(𝑒)] + [𝜔𝐺−−(𝑠)𝑑𝑒𝑔𝐺−−(𝑠) +  𝜔𝐺−−(𝑎)𝑑𝑒𝑔𝐺−−(𝑎)] 

 +[𝜔𝐺−−(𝑠)𝑑𝑒𝑔𝐺−−(𝑠) + 𝜔𝐺−−(𝑏)𝑑𝑒𝑔𝐺−−(𝑏)] + [𝜔𝐺−−(𝑠)𝑑𝑒𝑔𝐺−−(𝑠) +  𝜔𝐺−−(𝑒)𝑑𝑒𝑔𝐺−−(𝑒)] 

 = 53.6302. 
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3 Results: 

  

Observation 1: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with 𝑣 ∈ 𝑉(𝐺) and 𝑒 ∈ 𝐸(𝐺) then   

    𝑑𝑒𝑔𝐺++(𝑣) = 2𝑑𝑒𝑔𝐺(𝑣), 𝑑𝑒𝑔𝐺++(𝑒′) = 2𝜌(𝑒)  

    𝑑𝑒𝑔𝐺+−(𝑣) = ∑𝑒∈𝐸 𝜌(𝑒), 𝑑𝑒𝑔𝐺+−(𝑒′) = (𝑛 − 2)𝜌(𝑒)  

    𝑑𝑒𝑔𝐺−+(𝑣) = 𝑑𝑒𝑔𝐺(𝑣) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)], 𝑑𝑒𝑔𝐺+−(𝑒′) = 2𝜌(𝑒)  

    𝑑𝑒𝑔𝐺−−(𝑣) = ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)] + ∑𝑣­𝑒 𝜌(𝑒), 𝑑𝑒𝑔𝐺+−(𝑒′) = (𝑛 − 2)𝜌(𝑒)  

where 𝑒′ is the corresponding edge-vertex in 𝐺𝑥𝑦 and 𝑣­𝑒 denote the vertex 𝑣 is not incident to an edge 𝑒.  

 

Theorem 2: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph and 𝐺++ is the generalized fuzzy transformation graph of 𝐺. Thn  

 𝑀1
∗(𝐺++) ≤ 2𝑀1

∗(𝐺) + 8𝑚. 

  

Proof: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with {𝜔(𝑣1), 𝜔(𝑣2), 𝜔(𝑣3), ⋯ , 𝜔(𝑣𝑛)} and {𝜌(𝑒1), 𝜌(𝑒2), 𝜌(𝑒3), ⋯ , 𝜌(𝑒𝑚)} be the 

membership values of vertices and edges of 𝐺 respectively. Then 𝑉(𝐺++) = 𝑉(𝐺) ∪ 𝐸(𝐺) by definition of 𝐺++. Therefore, the 

modified first Zagreb index of generalized transformation graph 𝐺++ is given by:  

 𝑀1
∗(𝐺++) = ∑𝑢𝑣∈𝐸(𝐺++) [𝜔(𝑢)𝑑𝑒𝑔𝐺++(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺++(𝑣)] 

 = ∑𝑢𝑣∈𝐸(𝐺++)∩𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺++(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺++(𝑣)] +  ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺++(𝑢) +

𝜔(𝑣)𝑑𝑒𝑔𝐺++(𝑣)] 

 By Observation 1(a), we have 𝑑𝑒𝑔𝐺++(𝑣) = 2𝑑𝑒𝑔𝐺(𝑣), 𝑑𝑒𝑔𝐺++(𝑒′) = 2𝜌(𝑒). Therefore,  

 𝑀1
∗(𝐺++) = ∑𝑢𝑣∈𝐸(𝐺++)∩𝐸(𝐺)     [𝜔(𝑢)2𝑑𝑒𝑔𝐺(𝑢) + 𝜔(𝑣)2𝑑𝑒𝑔𝐺(𝑣)] +  ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)     [𝜔(𝑢)2𝑑𝑒𝑔𝐺(𝑢) +

𝜔(𝑣)𝜌(𝑢𝑣)] 

           = 2 ∑𝑢𝑣∈𝐸(𝐺++)∩𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺(𝑣)]  2 ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢) +

𝜔(𝑣)𝜌(𝑢𝑣)] 

 It is true that 0 ≤ 𝜔 ≤ 1 and 0 ≤ 𝜌 ≤ 1. Therefore,  
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 𝑀1
∗(𝐺++) ≤ 2𝑀1

∗(𝐺) + 2[∑𝑢∈𝑉 𝑑𝑒𝑔𝐺(𝑢)] + 2 ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)                                         (1). 

                               Since ∑𝑢∈𝑉 𝑑𝑒𝑔𝐺(𝑢) = ∑𝑢∈𝑉 ∑𝑢≠𝑣 𝜌(𝑢𝑣) ≤ 2𝑚 and |𝐸(𝐺++)| = 3𝑚.  

                                 Therefore, |𝐸(𝐺++) − 𝐸(𝐺)| = 3𝑚 − 𝑚 = 2𝑚. Hence,  

                                   𝑀1
∗(𝐺++) ≤ 2𝑀1

∗(𝐺) + 2(2𝑚) + 2(2𝑚) 

                                                   ≤ 2𝑀1
∗(𝐺) + 8𝑚. 

 Theorem 3: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph and 𝐺+− is the generalized fuzzy transformation graph of 𝐺. Thn  

 𝑀1
∗(𝐺+−) ≤ 𝑛𝑚2 + 𝑚(𝑛 − 2)2 

  

Proof. Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with {𝜔(𝑣1), 𝜔(𝑣2), 𝜔(𝑣3), ⋯ , 𝜔(𝑣𝑛)} and {𝜌(𝑒1), 𝜌(𝑒2), 𝜌(𝑒3), ⋯ , 𝜌(𝑒𝑚)} be the 

membership values of vertices and edges of 𝐺 respectively. Then 𝑉(𝐺+−) = 𝑉(𝐺) ∪ 𝐸(𝐺) by definition of 𝐺+−. Therefore, the 

modified first Zagreb index of generalized transformation graph 𝐺+− is given by:  

 𝑀1
∗(𝐺+−) = ∑𝑢𝑣∈𝐸(𝐺+−) [𝜔(𝑢)𝑑𝑒𝑔𝐺+−(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺+−(𝑣)] 

           = ∑𝑢𝑣∈𝐸(𝐺+−)∩𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺+−(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺+−(𝑣)] +

     ∑𝑢𝑣∈𝐸(𝐺+−)−𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺+−(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺+−(𝑣)] 

 By Observation 1(b), we have 𝑑𝑒𝑔𝐺+−(𝑣) = ∑𝑒∈𝐸 𝜌(𝑒), 𝑑𝑒𝑔𝐺+−(𝑒′) = (𝑛 − 2)𝜌(𝑒). Therefore,  

 𝑀1
∗(𝐺+−) = ∑𝑢𝑣∈𝐸(𝐺±)∩𝐸(𝐺)     [𝜔(𝑢) ∑𝑒∈𝐸 𝜌(𝑒) + 𝜔(𝑣) ∑𝑒∈𝐸 𝜌(𝑒)] + ∑𝑢𝑣∈𝐸(𝐺+−)−𝐸(𝐺)     [𝜔(𝑢) ∑𝑒∈𝐸 𝜌(𝑒) +

𝜔(𝑣)(𝑛 − 2)𝜌(𝑒)] 

 It is true that 0 ≤ 𝜔 ≤ 1 and 0 ≤ 𝜌 ≤ 1. Therefore,  

 𝑀1
∗(𝐺+−) = ∑𝑢𝑣∈𝐸(𝐺±)∩𝐸(𝐺) [(1) ∑𝑒∈𝐸 (1) + 1 ∑𝑒∈𝐸 (1)] + ∑𝑢𝑣∈𝐸(𝐺+−)−𝐸(𝐺) [1 ∑𝑒∈𝐸 (1) + (1)(𝑛 − 2)(1)] 

 

Since, |𝐸(𝐺+−)| = 𝑚(𝑛 − 1). Therefore, |𝐸(𝐺+−) − 𝐸(𝐺)| = 𝑚(𝑛 − 1) − 𝑚 = 𝑚(𝑛 − 2). Hence,  

 𝑀1
∗(𝐺+−) ≤ 𝑚(2𝑚) + 𝑚(𝑛 − 2)(𝑚 + (𝑛 − 2)) 

           ≤ 𝑛𝑚2 + 𝑚(𝑛 − 2)2. 

 Theorem 4: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph and 𝐺−+ is the generalized fuzzy transformation graph of 𝐺. Thn  

 𝑀1
∗(𝐺−+) ≤

𝑛(𝑛−1)2

2
+ 2𝑚(𝑛 − 1) + 𝑛(𝑛 − 1). 

  

Proof. Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with {𝜔(𝑣1), 𝜔(𝑣2), 𝜔(𝑣3), ⋯ , 𝜔(𝑣𝑛)} and {𝜌(𝑒1), 𝜌(𝑒2), 𝜌(𝑒3), ⋯ , 𝜌(𝑒𝑚)} be the 

membership values of vertices and edges of 𝐺 respectively. Then 𝑉(𝐺−+) = 𝑉(𝐺) ∪ 𝐸(𝐺) by definition of 𝐺−+. Therefore, the 

modified first Zagreb index of generalized transformation graph 𝐺−+ is given by:  

 𝑀1
∗(𝐺−+) = ∑𝑢𝑣∈𝐸(𝐺−+) [𝜔(𝑢)𝑑𝑒𝑔𝐺−+(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺−+(𝑣)] 

           = ∑𝑢𝑣∈𝐸(𝐺−+)∩𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺−+(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺−+(𝑣)] +

     ∑𝑢𝑣∈𝐸(𝐺−+)−𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺−+(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺−+(𝑣)] 

 By Observation 1(c), we have 𝑑𝑒𝑔𝐺−+(𝑣) = 𝑑𝑒𝑔𝐺(𝑣) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)], 𝑑𝑒𝑔𝐺+−(𝑒′) = 2𝜌(𝑒). Therefore,  

 𝑀1
∗(𝐺−+) = ∑𝑢𝑣∈𝐸(𝐺∓)∩𝐸(𝐺)     [𝜔(𝑢)[𝑑𝑒𝑔𝐺(𝑢) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]] +   𝜔(𝑣)[𝑑𝑒𝑔𝐺(𝑣) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧

𝜔(𝑣)]]] 

            + ∑𝑢𝑣∈𝐸(𝐺−+)−𝐸(𝐺)     [𝜔(𝑢)[𝑑𝑒𝑔𝐺(𝑢) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]] +  𝜔(𝑣)2𝜌(𝑒)] 

 

 

 𝑀1
∗(𝐺−+) = ∑𝑢𝑣∈𝐸(𝐺) [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺(𝑣)] 

            + ∑𝑢𝑣∈𝐸(𝐺) [𝜔(𝑢)[∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]] + 𝜔(𝑣)[∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧  𝜔(𝑣)]]] 

            + ∑𝑢∈𝑉(𝐺) [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢)] + ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺) [𝜔(𝑢)[∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧  𝜔(𝑣)]]] 

            +2 ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺) 𝜌(𝑢𝑣) 

𝑀1
∗(𝐺−+) ≤ 𝑀1

∗(𝐺) + 𝑋 + 2𝑚 + 𝑌 + 𝑛(𝑛 − 1) (4) 
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where  

𝑋 = ∑

𝑢𝑣∈𝐸(𝐺)

[𝜔(𝑢)[ ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]] + 𝜔(𝑣)[ ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

                      and  

𝑌 = ∑

𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)

[𝜔(𝑢)[ ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

Now, we solve 𝑋 and 𝑌 separately to get the required result: 

 

 𝑋 = ∑𝑢𝑣∈𝐸(𝐺) [𝜔(𝑢)[∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]] + 𝜔(𝑣)[∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

    ≤ ∑𝑢𝑣∈𝐸(𝐺) 𝜔(𝑢)(𝑛 − 1 − 𝑑𝑒𝑔𝐺(𝑢))[𝜔(𝑢) ∧ 𝜔(𝑣)] + 𝜔(𝑣)(𝑛 − 1 −   𝑑𝑒𝑔𝐺(𝑣))[𝜔(𝑢) ∧ 𝜔(𝑣)] 

 

Since 0 ≤ 𝜔(𝑢) ∧ 𝜔(𝑣) ≤ 1, therefore  

 𝑋 ≤ (𝑛 − 1) ∑𝑢𝑣∉𝐸 [𝜔(𝑢) + 𝜔(𝑣)] − ∑𝑢𝑣∉𝐸 [𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺(𝑣)] 

 Since 0 ≤ 𝜔(𝑢) ≤ 1, therefore  

 𝑋 ≤ 2𝑚(𝑛 − 1) − 𝑀1
∗(𝐺). (5) 

 Now consider,  

𝑌 = ∑

𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺)

[𝜔(𝑢)[ ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

    ≤ ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺) 𝜔(𝑢)(𝑛 − 1 − 𝑑𝑒𝑔𝐺(𝑢))[𝜔(𝑢) ∧ 𝜔(𝑣)] 

 

                        =  (𝑛 − 1) ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺) 𝜔(𝑢)[𝜔(𝑢) ∧ 𝜔(𝑣)] + ∑𝑢𝑣∈𝐸(𝐺++)−𝐸(𝐺) 𝜔(𝑢)𝑑𝑒𝑔𝐺(𝑢)[𝜔(𝑢) ∧ 𝜔(𝑣)] 

                           Since 0 ≤ 𝜔(𝑢) ≤ 1 and 0 ≤ 𝜔(𝑢) ∧ 𝜔(𝑣) ≤ 1, therefore  

 𝑌 ≤
𝑛(𝑛−1)2

2
− 2𝑚. (6) 

 

Putting (5) and (6) in (4) we get the required result.  

 

Theorem 5: Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph and 𝐺−− is the generalized fuzzy transformation graph of 𝐺. Thn  

𝑀1
∗(𝐺−−) ≤ 2𝑚(𝑚 + 𝑛 − 1) +

1

2
[(2𝑛 + 𝑚 − 3)[(2𝑚(𝑛 − 4)) + 𝑛(𝑛 − 1)]] − 4𝑚 − 2𝑀1

∗(𝐺) 

 Proof. Let 𝐺 = (𝑉, 𝜔, 𝜌) be a fuzzy graph with {𝜔(𝑣1), 𝜔(𝑣2), 𝜔(𝑣3), ⋯ , 𝜔(𝑣𝑛)} and {𝜌(𝑒1), 𝜌(𝑒2), 𝜌(𝑒3), ⋯ , 𝜌(𝑒𝑚)} be the 

membership values of vertices and edges of 𝐺 respectively. Then 𝑉(𝐺−−) = 𝑉(𝐺) ∪ 𝐸(𝐺) by definition of 𝐺−−. Therefore, the 

modified first Zagreb index of generalized transformation graph 𝐺−− is given by:  

 𝑀1
∗(𝐺−−) = ∑𝑢𝑣∈𝐸(𝐺−−) [𝜔(𝑢)𝑑𝑒𝑔𝐺−−(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺−−(𝑣)] 

        = ∑𝑢𝑣∈𝐸(𝐺−−)∩𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺−−(𝑢) + 𝜔(𝑣)𝑑𝑒𝑔𝐺−−(𝑣)] + ∑𝑢𝑣∈𝐸(𝐺−−)−𝐸(𝐺)     [𝜔(𝑢)𝑑𝑒𝑔𝐺−−(𝑢) +

𝜔(𝑣)𝑑𝑒𝑔𝐺−−(𝑣)] 

 By Observation 1(d), we have 𝑑𝑒𝑔𝐺−−(𝑣) = ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)] + ∑𝑣­𝑒 𝜌(𝑒), 𝑑𝑒𝑔𝐺+−(𝑒′) = (𝑛 − 2)𝜌(𝑒). Therefore,  

 𝑀1
∗(𝐺−−) = ∑𝑢𝑣∈𝐸(𝐺−−)∩𝐸(𝐺)     [𝜔(𝑢)[∑𝑣­𝑒 𝜌(𝑒) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧  𝜔(𝑣)]] + 𝜔(𝑣)[∑𝑣­𝑒 𝜌(𝑒) +

∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

        + ∑𝑢𝑣∈𝐸(𝐺−−)−𝐸(𝐺)     [𝜔(𝑢)[∑𝑣­𝑒 𝜌(𝑒) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧  𝜔(𝑣)]] + 𝜔(𝑣)(𝑛 − 2)𝜌(𝑒)] 

 𝑀1
∗(𝐺−−) ≤ 𝑋 + 𝑌 (7) 

 where  

𝑋 = ∑

𝑢𝑣∈𝐸(𝐺−−)∩𝐸(𝐺)

    [𝜔(𝑢)[∑

𝑣­𝑒

𝜌(𝑒) + ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]] + 𝜔(𝑣)[∑

𝑣­𝑒

𝜌(𝑒) + ∑

𝑢𝑣∉𝐸

[𝜔(𝑢) ∧ 𝜔(𝑣)]]] 

 

and  
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 𝑌 = ∑𝑢𝑣∈𝐸(𝐺−−)−𝐸(𝐺)     [𝜔(𝑢)[∑𝑣­𝑒 𝜌(𝑒) + ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)]] + 𝜔(𝑣)(𝑛 − 2)𝜌(𝑒)] 

 

On solving 𝑋 and 𝑌 bearing in mind the following facts :   

    • 0 ≤ 𝜔 ≤ 1 and 0 ≤ 𝜌 ≤ 1  

    • 0 ≤ 𝜔(𝑢) ∧ 𝜔(𝑣) ≤ 1  

    • |𝐸(𝐺−−)| =
𝑛(𝑛−1)

2
+ 𝑚(𝑛 − 4)  

    • ∑𝑢­𝑒 𝜌(𝑒) ≤ [𝑚 − 𝑑𝑒𝑔𝐺(𝑢)]𝜌(𝑒)  

    • ∑𝑢𝑣∉𝐸 [𝜔(𝑢) ∧ 𝜔(𝑣)] ≤ (𝑛 − 1 − 𝑑𝑒𝑔𝐺(𝑢))[𝜔(𝑢) ∧ 𝜔(𝑣)]  

 we get 𝑋 ≤ 2𝑚(𝑚 + 𝑛 − 1) − 2𝑀1
∗(𝐺) and  

𝑌 =
1

2
[(2𝑛 + 𝑚 − 3)[2𝑚(𝑛 − 4) + 𝑛(𝑛 − 1)]] − 4𝑚  

Put the values of 𝑋 and 𝑌 in (7) to get the result.  

 

4 Conclusion: 

 The modified first Zagreb index plays an important role in obtaining the bounds for generalized fuzzy transformation 

graphs. The QSPR-study on this parameter can be done by the researchers to validate its applications in chemistry. 
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