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Abstract

In this investigation, we examine the Bianchi Type Il Universe within the context of the f(R)
theory of gravity. To derive meaningful insights, the Field Equations are resolved by using power law
relationship between F and ‘a” and by establishing the relationship between the metric potential B™ and C.
Furthermore, we advance our understanding by developing important cosmological parameters such as the
deceleration parameter and the Dark energy density parameter, total energydensity parameter. Through
this analysis, we study the physical characteristics and behaviour of this model.
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Introduction

Einstein's general theory of relativity has provided a complex explanation for the phenomenon of
gravitation, proving to be highly effective in its description. Additionally, it-has served as the basis for
various models of the universe. However, Einstein himself acknowledged that the general relativity falls
short in adequately accounting for the fundamental properties of matter. As a result, there have been
intriguing efforts in recent years to expand upon the general theory of relativity by incorporating specific
desired characteristics that were absent in the original theory. Notably, recent observations in cosmology
[1] have played a crucial role in enhancing our comprehension of the late-time cosmic acceleration. This
accelerated expansion of the universe strongly indicates the existence of a negative pressure originating
from an exotic form of dark energy. The origin of dark energy holds significant importance in modern
cosmology, and several proposed solutions aim to unravel this perplexing puzzle. One such solution is the
holographic dark energy (HDE) model [2-3], which suggests that the dark energy density can be
represented by the equation,ppr= 3d?Mp?L2 where d is a numerical factor approximately equal to
unity,Mp represents the reduced Planck mass Mp? = 1/8nG, and L denotes the event horizon of the
universe.

Recent advancements in science, particularly in the fields of astronomy, astrophysics, cosmology, data
science, and space science, have significantly contributed to our understanding of the universe.
Observations have provided strong evidence that our universe is expanding at an accelerated rate [4-11].
This phenomenon is believed to be influenced by 'Dark Matter' (DM) and 'Dark Energy' (DE), which are
yet to be fully understood. The exploration of alternative gravitational theories beyond Einstein's General
Relativity (GR) has become crucial in addressing fundamental challenges related to quantum gravity, dark
energy, and dark matter. Although GR has been successful in many aspects, it still faces unresolved issues
such as singularities and the nature of DE and DM. These challenges have prompted researchers to seek
modifications or extensions of GR that can address its limitations across both ultraviolet (UV) and infrared
(IR) scales [12]. One such approach is the f(R) gravity theory, which offers an intriguing generalization

IJCRT25A5258 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 121


http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 5 May 2025 | ISSN: 2320-2882

of the Einstein-Hilbert action by replacing the Ricci scalar, R, with an analytic differentiable function.
This extension is motivated by the need to formulate quantum field theories on curved spacetime [13]. The
f(R) gravity theory has found successful applications in cosmology and astrophysics [14-16] It is
important to note that modified gravity theories do not necessarily have to recover GR entirely but can
provide equivalent formulations. For example, the teleparallel equivalent of general relativity is a
formulation that is equivalent to GR in certain conditions. Conversely; extended gravity theories can
exhibit GR as a li miting case, depending on specific choices or conditions [17].

Researchers have been closely examining a class of f(R) gravity models to gain further insights into the
nature of the universe [18-22]. These models belong to a class of derivative gravity theories of higher
order that address higher-order curvature invariants expressed as functions of the Ricci scalar, R. The
importance of these models lies in their ability to circumvent Ostrogradski's instability [23], which is a
potential issue in general higher derivative theories [24]. The construction of phenomenologically viable
f(R) gravity theories faces various challenges, including instabilities within and beyond matter [25],
vacuum stability [26], and constraints derived from well-established gravity properties in our solar system
[27-28]. Moreover, determining the specific functional form of f(R) from cosmological observations is
also challenging due to the fact that the background expansion does not uniquely determine it [29]. The
search for accurate solutions in the f(R)theory of gravity is of vital importance and presents a formidable
challenge due to the intricate nature of the equations of motion involving higher-order terms. Despite this
complexity, a wide range of exact and numerical solutions have been successfully derived using various
methodologies. Beginning with the simplest scenario, a specific class of f(R) gravity with constant
curvature has been extensively studied. The solutions within this class, such as Schwarzschild-like [30],
Reissner-Nordstrom-like [31], and Kerr-Newman-like solutions [32], deviate from the solutions of
General Relativity (GR) only through a constant coefficient that can be incorporated into Newton's
constant. Moreover, static spherically symmetric solutions incorporating perfect fluid [33], Yang-Mills
field [34], non-linear Yang-Mills field [31, 35], Maxwell field, and non-linear electromagnetic fields [36]
have been obtained. By employing Noether symmetries, axially symmetric solutions have been derived
from exact spherically symmetric solutions [37]. Furthermore, intriguing connections have been
established between solutions in Einstein's conformally invariant Maxwell theory and those in f(R)
gravity without matter fields in arbitrary dimensions [38]. The investigation also extends to spherically
symmetric vacuum solutions in f(R) gravity within higher dimensions, as detailed in [39]. Therefore,
considerable attention has been focused on spherically symmetric black hole solutions within the
framework of f(R) gravity, including the generator method [40] and the Lagrange multiplier method [41].

The DE problem has been approached from various angles, and one alternative solution is known as the
holographic principle. This principle was initially proposed by 't Hooft [42] in the realm of black hole
physics. According to this principle, the entropy of a system is not determined by its volume, but rather by
its surface area [43]. Expanding on this concept, Fischler and Susskind [44] introduced a modified version
of the holographic principle in the cosmological context. They suggested that the gravitational entropy
within a closed surface should not always exceed the particle entropy passing through the past light-cone
of that surface during cosmological evolution. In relation to the DE problem, the holographic principle
establishes a connection between the holographic DE (HDE) density pa and the Hubble parameter H,
expressed as pa = H2. However, it does not account for the current accelerated expansion of the universe.
To address this limitation, Granda and Oliveros [45] proposed a holographic density model, denoted as pa
~ ph2+ A H, where H represents the Hubble parameter and p and A are constants subject to constraints
imposed by observational data. Their model successfully explains the accelerated expansion of the
universe and aligns with current observational findings. In recent times, several authors have conducted
significant studies on HDE within various theories of gravitation, further exploring its implications and
potential applications [46-49].

The paper is organised as follows. The first section 1, introduced to the topic and background. The second
sect.2, focuses on the f(R) gravity Formalism and space time. The sect.3 contains metric and field
equation The sect.4, deals with the solution of the field equation. In sect.5, the geometrical and physical
aspect of the models are explored. A discussion and conclusion are included in the concluding part.
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2 f(R) Gravity Formalism and Metric

f (R)theories of gravity are extended theories of gravity which simplify to general relativity in the most
elementary case of the function f(R). The idea of understanding this theory stemmed in two ways — one
by considering a variation of the Einstein-Hilbert action with the metric (the metric formalism), and the
other by varying the metric and an independent connection (called the Palatini formalism) [50]. Each of
these methods describe a form of an extended theory of gravity by considering some function of the Ricci
scalar — the field equations in each case (i.e. the field equations for an f(R) theory of gravity for some
form of the function) can be derived by either of these two formalisms. The nature of the actions of f(R)
theories of gravity was first studied extensively in [51].

We consider a class of modified gravity in which modifies Einstein-Hilbert action by replacing Ricci
curvature scalar R by an arbitrary function of curvature f(R) as follows

f(R
S =J =g (5 +klm) d*x M
Where g is the metric determinant, Lm is the matter Lagrangian
The field equation of f(R)is given by
1
F(RR;; — 5 f(R)g; — ViViF(R) + g;F(R) = k*T; (2)
Where F :;—I’: V is a covariant derivative,0 =V*V,is the d’Alembertian, Tijis the matter energy-
momentum tensor

The standard FRW model is in good agreement with the present-day universe. However, it does not give a
clear description of the early stage of evolution of the universe. Bianchi type models provide a physically
realistic description of the initial universe. It is well known that, near the Big Bang, the universe is neither
isotropic nor spherically symmetric. Thus, anisotropic models play an important role in cosmology.

The energy momentum tensor for matter and holographic dark energy are defined as,
Tj = pmuiy; (3)
T, = (pa + pPa) uiyj + pagi %)

Wherep,,, and p;are the energy densities of matter and holographic dark energy and P, is the pressure of
holographic dark energy. u‘ =(0,0,0,1) is the four-velocity vector in co-moving co-ordinates which
satisfies the condition u‘u; = 1. (5)

In co-moving coordinate system from equation (4) and (5)

Ti=TZ=T5 = ppand Tf= putpa, T =0 fori=]j

3. Metric and Field Equation

The spatially homogeneous and anisotropic Four-dimensional Bianchi Type -111 metric is given by,
ds? = dt? — A’dx? — B2e?P*dy? — (2 dz? ---(6)

where A, B, C are the metric potentials and functions of cosmic time t only.

From equation (2), (3), (4) (5) and (6) the field equations are given by,

s Ay | AsCa N Bap | G _ e

P2 4 Sals y Su0 Az] Ly 2 F, +2F, + By = K°P, (7
Bas | AsBa | BaCo W) _f  Aip o G _ w2

FPas 4 2ee g 2 Az] L4 2 F, +2F, + F, =K°P, (8)
Cos | AaCs | BaCs] _ [ Aap | Ba @

F_C+AC+BC] Ly2ip, + 25, 4 F, = KR, (9)
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F [A44 4 Bas B44 C44] [— F, + F4 +— F4] K? (Pm + P2) (10)
And %4 - % =0 ()

Where the derivative with respect to cosmic time t is denoted by the subscript ‘4°.

The continuity equation for the matter and holographic dark energy from equation (4) can be written as

Pm+Pm(—+ )+P/1+(1+0)/1)P/1(2A4+ ) 0 (12)

But we have considering minimally interacting matter and holographic dark energy components, both the
components conserve separately, hence can be written as,

P+ pm (52 + ) =0 (13)

pr+ L+ ops (24 %) =0 (14)

Where w; = % Is the EoS Parameter for holographic dark energy trough which we analyse different

universe eras.

Solving equation (11) we get.

A =B (15)
Using eq" (15), eq" (7), (8), (9) and (10) are given by,

B B | BuC h? 1 B ¢
e e S B B e s ®
F{C‘“ + 23464} f . 72 F4 + Fy = K?Py (17)
B C B C.
AndFf22 4 Sl Ly o80p 4 SR == K2 (o + ) (18)

4.Solution and the Model

We have three independent field equation 10-12 with six unknown parameter B, C, F, p,, paand p,.s
Hence, to obtain explicit solution of this system, we require three additional constraints relating to these
parameters.

At first, we assume that, the expansion scalar () in the model is proportional to shear scalar (c) which
gives the relationship between the metric potential as,

B* = C (19)

Where n # 1, is a positive constant which takes core of the anisotropy of the space time.

Uddin et al. [52] using power law relationship between f and a i.e.F(R) « [a(t)]™ , where m is constant
=> F(R) = Fy[a(t)]™, where F, is proportionality constant. (20)

The Hubble parameter H proposed by Berman [53] defined as

H = Bla()]™ (21)

Where £ > 0,a = 0 are constant and a(t) is average scale factor.
This relation gives a constant value of deceleration parameter

Solving equation (21), we get
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1
a(t) = (aft+ C)« ,a # 0
and a(t) = Ciet ,a= 0
for suitable valueof =1 s
a(t) = (at+Ca ,a # 0 (22)
anda(t) = Ciet ,a= 0 (23)
The spatial volume V = ABC = a3
Using equation (15), (19) and (22), we get
3
V = B*"?2 = (at + O)«
3
.. B = (at + C)am+2)

3
=> A =B = (at + C)«®+2) (24)

3n
And C = (at + C)am+2) (25)
Using equation (24) and (25), equation (6) becomes
6 6 6n
ds? = dt? — (at + C)a@+2) dx? — (at + C)*m+2) e~2M*dy? — (at + C)xm+2) dz? (26)
5.Physical Properties of the Model

The Physical and kinematical parameters which are important to discuss the physics of the cosmological
model (20) are,

The spatial volume V. = ABC = a3
3
V= (at+ C)x
* Hubble Parameter = = (ﬂ 1 ﬁ)
3\4 B C

. 1
at+C

. d (1
* Deceleration parameter = g (E) -1

=o-1

3
at+C

* Expansion scalar 0 = 3H =

The anisotropy parameter A =0

Shear scalar 62 =0
Jerk Parameter | = q + 2q° — % =2a% —3a+1S
The Physical Parameters, matter energy density, holographic dark energy density and Holographic dark
energy pressure in the model are given by following equation.
Po _ Po Po

Pm= A2¢ 6 I 3
(at+C)(+2)a(qe+c)(M+a (at+0)a
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_ ﬂ{g(m —2a)(n® 4+ 2) + 18a(n® + 2n + 3) — 3ma(n + 2)* 3m — 2m(m — a)} (at

m 6h2Fo m(n+2)-6 Do
+C)a? — at + C) m+a —
) T Ky 2 —g O e
Fy (3(a3) 6a[3(n*+2n+3) + a(n+ 2)? m . F 6h2
/1:_0() [3( )+ a( )](at+C)a2+—O L P
K?2|n+2 (n+ 2)2(m — 2a) K2 m(n+2) — 6
+C m((n:zz))_6 + 3m(n + 3)F, F+C m
) Kz (At O
Matter density parameter 2, = 2 = = —
3(at+C)aXm 3(at+C)@

Dark energy density parameter 2, = 3%

_ Fy (9(m —2a)(n® +2) + 18a(n® + 2n + 3) — 3ma(n + 2)?
~ 3K2 (n+2)2(m — 2a)
6hF, m__6
— 0 (Oft + C')2+a n+2)a — p—03

—3m —2m(m — a)} (at + C)%

Total Energy density parameter Q = Qy + Qy
_ Fy (9(m —2a)(n® + 2) + 18a(n® + 2n + 3) — 3ma(n + 2)°
- 3K? (n+2)2(m — 2a)

6hF, m__6
0 (Oft + C')2+a (n+2)a

—3m—2m(m — a)} (at + C)%

" K2[m(n+2) — 6]

T T
Matter Energy Density
HDE Density

== == 'Ratio of Densities

EoS Parameter

Matter energy density, HDE density, Ratio of densities
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Fig. 1 Plot of matter energy density (p,,), HDE density (p;) Fig. 2 Plot of EoS

parameter w, versus cosmic time t (Gyr)
and the ratio of densitiesi—mversus cosmic time t(Gyr)
A
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6.Conclusion

Here, we have studied Bianchi type-Ill universe filled with matter and Holographic dark energy
cosmological model in f(R)Theory of gravity. The sign of DP (q) shows whether the model either
accelerates or decelerates. For a > 1, deceleration parameter g > 0, therefore the model represents a
decelerating model. For 0 < a <1, we get —1 < g < 0 which describes an accelerating model of the
universe. The behaviour of matter energy density p,,,dark energy density p, are shown in fig.1.The fig.
shows that the matter energy density and dark energy density approaches to a non zero constant.

The volume V becomes infinite as t — oo i. e. volume increases with time and vice-versa. From Fig.2we
can conclude that EoS Parameter approaches to o« with the increasing value of t. Fig. 3 and Fig.4 reveals
that the scalar expansion 6 and Hubble’s parameter H assume constant value as t — oo and hence
universe expands endlessly with the influence of dark energy. Fig.5 and Fig.6 shows the behaviour of the
pressure and total energy density parameter in this case lim t — oo ( %) = 0, hence derived model

approaches to isotropy.
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