www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 9 September 2025 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

éb INTERNATIONAL JOURNAL OF CREATIVE

RESEARCH THOUGHTS (1JCRT)
<1=

An International Open Access, Peer-reviewed, Refereed Journal

Generalized Fixed Point Theorems In Random
Metric Space

ANCHAL VERMA* AND ASHFAQUE UR RAHMAN**

*(Research Scholar) Department of Mathematics and IT, Madhyanchal Professional University Bhopal
(M.P.) India.

**(Supervisor) Department of Mathematics and IT, Madhyanchal Professional University Bhopal
(M.P.) India.

ABSTRACT

We prove some Common Fixed Point theorems for Random Operator in random metric spaces, by
using some new type of contractive conditions taking non-self-mappings.

Key Words: - Random metric space, Random Operator, Random Multivalued Operator, Random
Fixed, Point, Measurable Mapping, Non-self-mapping

AMS Subject Classification: - 47H10, 54H25.

1. Introduction
Random fixed point theorems represent a stochastic extension of classical fixed point theorems. Itoh
[8] expanded upon several well-known fixed point theorems, and subsequently, various stochastic
dimensions of Schauder’s fixed point theorem have been explored by Sehgal and Singh [14],
Papageorgiou [12], Lin [13], and numerous other authors. In a separable metric space, random fixed
point theorems for contractive mappings were established by Spacek [15] and Hans [5,6]. Later, Beg
and Shahzad [2], along with Badshah and Sayyad, examined the structure of common random fixed
points and random coincidence points of a pair of compatible random operators, proving the random

fixed point theorems for contraction random operators in random metric spaces.
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2. Preliminaries: before starting main result we write some basic definetions.

Definition: 2.1:- A metric space (X,d) is said to be a Polish Space, if it satisfying following

conditions:-

i. X, is complete,

ii. Xis separable,

A metric space (X,d) is complete if whenever (x,:n € w) is a sequence of member of X, such

that for every € > 0 there isan N, such that m,n > N implies
d(x,,Xm) < €

there is asingle x in X such that limx, = x.
n<w

w

Itis easy to see that 2“, w® are polish space, So in fact is w under the discrete topology, whose

metric is given by letting d(x,y) = 1 when x # y and d(x,y) = 0 when x = y.

Let (X,d) be a Polish space that is a separable complete metric space and (£,q) be Measurable

space.

Let 2*X be a family of all subsets of X and CB(X) denote the family of all nonempty bounded

closed subsets of X.

A mapping T:Q — 2% is called measurable if for any open subset C of X, T71(C) ={w€
Q:f(w) N C# P} €q.

A mapping & Q — X is said to be measurable selector of a measurable mapping T:Q — 2% ,if € is

measurable and for any w € Q, {(w) € T(w).
A mapping f: Q X X —» X is called random operator, if for any x € X, f(:,x) is measurable.

A Mapping T: QXX - CB(X) is a random multivalued operator, if for every x € X, T(:,x) is

measurable.

A measurable mapping &: Q) — X is called random fixed point of a random multivalued operatorT: ( X

X - CB(X) (f: 2 x X = X)if forevery w € (, §{(w) € T(oo, E(oo)) f(w), &(w) = &(w)).

LetT: QA X X = CB(X) be a random operator and {,} a sequence of measurable mappings,

£.:Q = X. Then sequence {,} is said to be asymptotically T-regular ifd(En(oo),T(oo, En(w)) - 0.

[JCRT2509011 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | alo2


http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 9 September 2025 | ISSN: 2320-2882

3. Main Results

Theorem 3.1: Let X be a Random metric space. Let T, S: Q X X — CB(X) be two continuous random

multivalued operators. If there exists measurable mappings o, 3,y,6 : Q — (0,1) such that,

max{d?(x,S(w,x)),d?(y,T(w,y))}
dxy)

H(S(w,x), T(w,y)) < a(w)

max{d?(y,S(w,x)),d?(x,T(w,y))}
dxy)

+ B(w) 3.1(a)

Foreachx,y € X,w € Q and o, B,y,8 € Rt with0 < a(w) + 2B(w) + y(w) + 28(w) < 1,and 1 —

B(w) # 0 there exists a common random fixed point of S and T.

Proof: Let &, : ) — X be an arbitrary measurable mapping and choose a measurable mapping &; : Q —

X such that & (w) € S(w, §,(w)) for each w € Q. then for each w € Q.

max{d? (£ (),5(w,80 ())),d2(£1(0) T(w51 ()))}
d(%0.81)

H (S(oo, ‘g’o(oo)),T(oo, ‘g’l(oo))) < a(w)

max{d?(&1(),5(w50(®)))d%(§0(@), T(5: ()}
d(&0,81)

+ B(w)

Further there exists a measurable mapping &, : Q - X such that forall w € Q, &, (w) € T(w, & (w)) and

max{d? (o (w),51(w)),d?(E1(w),52())}
d(81,82)

d(E1 (w), & (00)) < a(w)

max{d? (81 (0),81(w)),d? (8o (w),82(w))}
d(€1,82)

+B(w)

4(51(0), 5 () < “2ED 4 (5, (), £1())

a(w)+ Blw)

Letk = B

This gives

d(El (w), & (00)) <k d(go (00),21(00))

By Beg and Shahzad [2,lemma 2.3], we obtain a measurable mapping &; : Q — X such that forall w €
Q, §&(w) € 5(00, &2 ((D)) and

max{d? (&, (w),2(»)),d? (8, (w),E3(w))}
d(§2,83)

d(%2(@), &5 (w)) < a(w)
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max{d? (82 (w),82(w)),d? (81 (w),83(w))}
d(EZ'E3)

+B(w)

d(zz (w), &3 (‘D)) <Kk d(E1 (w), &, (‘D)) < kzd(Eo(w). 51(00))

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping §,,: ) - X

suct that for n > 0 and for any w € Q,
E2nt1(®) € S(w,§20(w)) , and Ean12(w) € T(@,§2n41(w))
This gives,
d(&n (@), &ns1 (@) < kd(En—q (@), &n(@)) < - ovv e < KMd(8p (w), & (w))
For any m,n € N such that m > n, also by using triangular inequality we have
4(5n (6, (0) < 75 d (50 (@), §2 (@)

Which tends to zero as n — oo. It follows that {€,(w)} is a Cauchy sequence and there exists a
measurable mapping € : Q — X such that &, (w) — &(w) for each w € Q. It implies that &,,,;(w) =

¢(w). Thus we have for any w € 1,

d (5(w), S(,§(®))) < d((w), Ezns2(@)) + d (5®), S(®, Eansa(w)))

d (2(00); S(UO; E((D))) < d(E(w), §2n+2(00)) + H (T((D' §2n+1(00)); 5(00' Eans2 (00)))

Therefore,
d (5(w), S(, () < d(E(w), Eznsz())

max{dz (€2n+2 (w),S(w,Eznn (w))).dz (Ezn+1 (w),T((D'Ezn+1 (00)))}
d(82n+2,82n+1)

max{d(§2n+1 (@),S(0,E2n+2 (w))),d(§2n+2 (@), T(wEn+1 (w)))}

d(E2n+2,82n+1)

+ a(w)

+ B(w)
Taking as n = oo, we have

d (5(w), S(, () < (@) + B(@)) d (§(w), S(w,§(w2)) )

Which contradiction, hence §(w) = S(w, §(w) ) for al lw € Q. Similarly, for any w € Q,

d (5(w), S(@,§(®)) ) < d(E(®), Eans1 (@) + H(S(@,E2n()), T(w, Ezna1 ()

[JCRT2509011 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | alo4


http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 9 September 2025 | ISSN: 2320-2882

Hence £(w) = T(w, {(w) ) forall w € Q.
It is easy to see that, {(w) is common fixed point for Sand T in X.

Uniqueness:- Let us assume that, £*(w) is another fixed point of S and T in X, different from {(w), then

we have

d(5(0), 5" () < d (§), 5(0, E2n(@)) ) + H (S(@, E2n (@), T(w, Eona1 ()

+d (T((D; 22n+1(00)); & ((0))
By using 3.1(a) and n — o we have,

d(3(w), & (w)) <0
Which contradiction,
So we have, £(w) is unique common fixed point of S and T in X.

Corollary 3.2:- Let X be a Random metric space. Let SP, T4 : Q X X — CB(X) be two continuous

random multivalued operators. If there exists measurable mappings a, 8,y,6 : Q — (0,1) such that,
H(S(oo, x), T(w, y)) < a(w) max{d(x, S(w, x)), d(y,T(u), y))}

+ B(w) max{d(y,S(w,x)),d(x,T((o,y))} 3.2(a)

Foreachx,y € X,w € Q and o, B,y,8 € Rt with0 < a(w) + 2B(w) < 1,and 1 — B(w) # 0, there

exists a common random fixed point of Sand T.

Proof: From the theorem 3.1, it is immediate to see that, the corollary is true. If not then we choose a
& : {1 > X be an arbitrary measurable mapping and choose a measurable mapping &; : 1 = X such

that & (w) € S(w, §y(w)) for each w € Q. then for each w € Q, and by using 3.2(a) the result is follows.

Now our next result is generalization of our previous theorem 3.1, in fact we prove the following

theorem.

Theorem 3.3: Let X be a Random metric space. Let T, S: Q X X —» CB(X) be two continuous random
multivalued operators. If there exists measurable mappings o, 3,y,6 : Q — (0,1) such that,
- {max{dz(x,S(w.x)).dZ(y.T(w.y))},}

max{dz (y.S((D,X)),dZ (X,T((D,Y))}
d(xy)

H(S(w,x), T(w,y)) < a(w) 3.3(a)
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Foreachx,y € X,w € Q and a € R* with 0 < a(w) < 1, there exists a common random fixed point of

Sand T.

Proof:- Let §, : (0 = X be an arbitrary measurable mapping and choose a measurable mapping §&; :

Q — X such that & (w) € S(w, §y(w)) for each w € Q. then for each w € Q.

max{d2 (EO (w),S(w,%0 (w))),dz (El (@), T(w,E; (00)))},
max{d? (£ (), S(w50(w)) 42 (80 (@) T(w k1 (w)))}

H (S0, &0 (), T, () < at(w) { IGEN)

Further there exists a measurable mapping &, : Q — X such that forall w € Q,%,(w) € T(u), & (u))) and

in{maX{d(Eo (@),81()),d(&1 (), (w))},}
max{d(%; (0,51 (®)),d(Ee(w),&2(w))}
d(EI!EZ)

d(E1 (w),&; (00)) < a(w)

(% (), &(@) < a(w) d(5(w), & ()

By Beg and Shahzad [2,lemma 2.3], we obtain a measurable mapping &; : 1 = X such that forall w €
Q, &(w) € S(oo, &, (w)) and by using 3.3 (a), we have

d(5, (), &5 (@) < a(@) d(§,(0), &()) < () d(5 (@), & (w))

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping ¢,: 0 — X

suct that forn > 0 and for any w € Q,
Eans1(w) € S((D'EZn(w)) ,and &pip(w) € T(‘D'Eznﬂ(w))

This gives, d(En(w),EnH(oo)) < a(oo)d(En_l(u)), En(w)) <
(@) (& (@), & (@)

IA

For any m,n € N such that m > n, also by using triangular inequality we have

4(E (@), En (@) < C 45, (), & ()

1-a(w)

Which tends to zero as n — oo, It follows that {€,(w)} is a Cauchy sequence and there exists a
measurable mapping € : 0 - X such that §,(w) — §(w) for each w € Q. It implies that §,,,; (w) —

&(w). Thus we have for any w € Q,

d (5(w), S(, () < d(8(w), Ezns2(@)) + d (5®), S(@, Eans2(w)))
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4 (E(), 5(0,E®)) ) < d(5(0), Eznr2(@)) + H(T(0, Ean (@), S(0 Eans2(@)) )

Therefore, by using 3.3(a) we have

d (5(w), S(, () < () d (§(w2), S(, () )

Which contradiction, hence £(w) = S(w, {(w) ) for all w € Q. Similarly, for any w € Q,

d (5(w), S(@,5(®)) ) < d(§(®), Eans1 (@) + H(S(@, E2n()), (0, Eana1 ()
Hence £(w) = T(w, &(w) ) forall w € Q.
It is easy to see that, £(w) is common fixed point for Sand T in X.

Uniqueness :- Let us assume that, £*(w) is another fixed point of S and T in X, different from {(w), then

we have

d(8(0), 5" () < d (8(), 5(0, E2n(@)) ) + H (S(@, E2n()), T(w, Ezna ()

+d (T(‘D: §2n+1(0>)): & (03))
By using 3.3(a) and n — o we have,

d(3(0), 5" () <0
Which contradiction, So we have, (w) is unique common fixed point of Sand T in X.

Corollary 3.4:- Let X be a Random metric space. Let SP, T4 : Q X X = CB(X) be two continuous random

multivalued operators. If there exists measurable mappings a, 3,y,6 : Q — (0,1) such that,

max{d2 (x, S(w, x)), d? (y, T(w, y))} ,

H(S((D; x), T(w, Y)) < «(w) min { max{d2 (y, S(w, X)), d? (X' T(w, y))}

} 3.4(a)
Foreachx,y € X,w € Q and o, € R* with0 < a(w) <1 there exists a common random fixed point

of Sand T.

Proof:- From the theorem 3.3, it is immediate to see that, the corollary is true. If not then we choose a
& : {1 = X be an arbitrary measurable mapping and choose a measurable mapping §; : 0 = X such

that & (w) € S(w, §y(w)) for each w € (. then for each w € Q, and by using 3.3(a) the result is follows.
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