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Abstract

In this paper, | present the definition and important properties of Laplace and Fourier transforms
which are applicable for solving the partial differential equations. The result shows that the Laplace
and Fourier transforms are more effective and useful to solve the initial and boundary value problems.
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1. Introduction

The integral transforms are useful for solving the ordinary differential equations, partial differential
equations, integral equations, Integro-differential equations etc. In this paper we apply Laplace and
Fourier transforms to solve the partial differential equations with initial and boundary conditions.[1-5]
Let u(x, t) be the function of two independent variables x and t .The partial differential equations
involves the partial derivatives wu,, u;, Uy, U, Uy €tc. Of function u(x, t) . While applying
these transforms to partial differential equations it is necessary to know the transforms of partial
derivatives of function. The advantage of the integral transforms is to obtain the solution of initial
value problems without finding the general solution and values of arbitrary constants. Here |
mentioned the definition, important properties, theorems on Laplace and Fourier transforms which are
applicable for solving the partial differential equations.

2. Laplace Transforms

The Laplace transform methods provide an easy and effective means for the solution of many
problems arising in engineering and science.

Definition. Let f(t) be a function defined for all ¢ >0 . The Laplace transform of f(¢t) is
J, est f(t) dt ,[1-6,10,12,13]. Itis denoted by L{f(¢)} or F(s)

Thus L{f(t)} =F(s) = foooe‘“ f(t) dt , provided that the integral exists.

Here L is called Laplace transformation operator. The parameter s is real or complex.

Theorem. Let u(x, t) be a function defined for t > 0 and x € [a, b]. Then

0 L(5) =5U—u(x,0), where U = U(x,5) = L{u(x,t)
(i) L (Z—Z): 4y

ax
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(iii) L ( PYS ) = 52U — su(x,0) —u.(x,0), where u,(x,0) = E

@) L(22) =27 [13,54]

Proof

()L (6—1:) = fo e‘St ou - dt = [e™st ulx, I f —se St u(x,t) dt
= [0— u(x, O)] + Sfo e St u(x,t) dt = —u(x,0) + s L{u(x,t)}
= sU — u(x,0)

@ (5)= e Mge =L [Pt u(rdt =% LiuGe ) =4
(iii) Let v = E ,then
L (%) - L{a (Z_)} =1L (a—v) = sl{v(x,t)} - v(x,0)
= sL{%) - v(x,0) = s[sLue D} - u(x 0] - v(x,0)
= s? U—su(x,O)—au(x,O) = s2U—-su(x,0)—u/(x0).

. ou
(iv)Let v = o , then

L(5) =t

3. Fourier Transforms
Definition. The Fourier transform of function f(x) is denoted by f(s)or F(s)or F{f(x)}and is
defined as [1-5, 9, 11]

- /7 i LEGco isx
Fif()} = f() = = [, e f(x)dx
where, s is real and the integral on right hand side is converges.
The inverse Fourier transform is given by

[ = FHf®} = 7= [, e f(s)ds.
Fourier sine transform: Fourier sine transform of function f(x) is denoted by f.(s) or
F,(s) or F{f(x)}and is defined as F,{f (x)} = fi(s) = \/% fooo f(x) sinsx dx
The inverse formula for Fourier sine transform is given by
fx) = EYfi(s}= \E fooo f.(s)sinsxds.

Fourier cosine transform: Fourier cosine transform of function f(x) is denoted by f.(s) or
E.(s) or F.{f(x)}and is defined as

F{f)} = f(s) = \/% fooo f(x) cos sxdx

The inverse formula for Fourier cosine transform is given by

f) = ETYfu(s} = \/% fooo f-(s) cossxds.

Fourier Transforms of Derivative of a Function: [1-3, 7-9].

() F{f'(} = (=is) f(s) (i) F{f™ @)} = (=is)" f(s)
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(i) B (Y = s fis) — \F FO) @) B} = —sfils)
) ELF"()) = — s (s ) — f £1(0) (i) BUF"()) = — s2 fi(s) \F 5 £(0)

(vii) F{%} = —5s%F{u) = —s?u(s)
(viii) Fg{%} = —s?2FEW) +s Wy = —s%iug(s)+ su(0)

@ {52} = -sR@- (%) = -su6)-(5) |

4. llustrative Examples
2
Examplel. Solve % =3 %, given that u(0,t) = 0, u(5,t) = 0,u(x,0) = sinmx.
Taking Laplace transform to both sides of given partial differential equation and applying conditions,

2
weget sL{u}— u(x,0) =3 :xz L{u}
2
= sU-—sinnx= 3 v
dx?
2
= 3 g7 — sU = —sinnx
dx?
d?u s 1, 4 d . h . .
oz — 3U = — 3 sinmx.Thisis 2" order linear differential equation.

1
S + 3 m?
Taking Laplace transform to the conditions which involve t,

L{u(0,t)} =U(0,s)=0
L{u(5,t)} =U(5 5)=0

Its solutionis U = AeVS/3* 4 Be Vs34

sin mx .. (1)

Using these conditions in equation (1), we obtain 0 = A+ B .. (1)
and 0 = Ae%S/3 4 BeSVs/3xy 1 — sin 57
Ss+3T
= 0 = Ae>S/3 + Be 5Vs/3% \ . (i)
Solve (i) & (ii)weget, A=0, B =0
Then equation (1) becomes, U = — sinmx
Ss+3T

Taking inverse Laplace transform, we get
L YU} =sinnx L‘l{

. _ 2
} = u(x,t) = sinmx e 3™t |
s +3?

2 2
Example 2. Solve ZTL; = 92712‘, giventhat u(0, t) =u(2, t) =0, wu.(x, 0) =0,
u(x, 0) = 10 sin 2wx — 20 sin 57x
Taking Laplace transform to both sides of given partial differential equation and applying conditions,

2
weget s2L{u}—su(x,0) — u(x, 0) =9 d‘iz L{u}
2
= s2U — s (10sin 2mx — 20 sin5m7x ) = 9 lezj
2 2
= dg —S—U=—§(lOsin2nx—ZOSin5nx)
dx 9 9

This is 2" order linear differential equation. Its solution is

_ Sy 5y 10s . _ 20's .

U=Ae:" + Be 3"+ 5———sin2nx — ————sin5nx ... (1)

Taking Laplace transform to the conditions which involve t,
L{u(, )}=U(0,s)=0, L{u@ t)}=U(2,s)=0
Using these conditions in equation (1), we get
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2s 2s
0 = A+B and 0=Aes +Be 3 = A=0, B=0
Then equation (1) becomes, U = ———— sin 2mx — ————— sin 5mx
s+ 36T S4+225T

Taking inverse Laplace transform, we get
-1 _ . -1 S
"YU} = 10 sin2mx L {—SZHMZ

= u(x,t) = 10 sin2mx cos6mt — 20 sin 5mx cos 157t .

}—20 sin 5mx L‘l{—s }

s2 +225m?2

2
Example 3. Solve the equation ‘;—1; = o

oz subject to the conditions

1, 0<x<1 _ .
u=0, forx =0, t>0; u_{O, x> 1 for t = 0 and u(x,t) is bounded
Taking Fourier sine transform to given partial differential equation, we get
2 o Jdu |, _ 2 =
\/; Jo 57 Sinsxdx = —s?#u(s) + su(0)
= % %fooousinsxdx= —s%iu,(s) (vu=0 when x=0)
B _ o _ _
= 5 E@ = —s?uls) = S Us) = —s?us)
or ddits + s2 @i, = 0. Its solution is,
i, = uy(s,t) = A et .. (1)
At t= 0, i, = A .. (2

Now u, = \/% fooo u(x, t) sinsx dx
At t=0, 1, = \/zfoou(xO) sinsxdxz\/zfllsinsxdx
) S T 0 ) T 0

-V a5 < ®

Equations (2) & (3) give, A = 2 ( 1—coss

T

), put this value in equation (1),

_ 2 1- 2
weget @, = |- ( ;:oss) e=s°t

Taking inverse Fourier sine transform, we obtain

u(x,t) = |2 fooo[ 2 (1_COSS) e‘szt] sin sx ds

T s S

2 1- .
u(lx,t) = - fooo (%) e=St sin sx ds.

2
Example 4. Solve the equation aa—ij+ 37(2] +tU=0, x>0, t>0 giventhat

U(x,0) =e™, U,(0,t) =0 and U(x,t) — 0uniformly intasx — oo.
Taking Fourier cosine transform to given partial differential equation, we get

2 (»0U 20 _ (9 7 _

= \/; fo 5 COSsX dx s2U.(s) ( P )x=0+tUc(s) =0
a 2 oo _ _

= a\/; Jo Ucossxdx = s?U.(s)—tUcs)

= ZRW=5Ts)—tT(s) = 2 0:(s) = s2Te(s) —t Tls)
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or ddlic = (s?-t)U, . Thisis 1% order DE, its solution is,

— 2 t2
o U =Ust)=A4¢e""" 7, @)
At t=0, U, = A .. (2
Taking Fourier cosine transform to the condition, we get
F{U(x,0} = F{e™}, at t=0

f— _ 2 (o] —x _ 2 e x . [o'0)
= U, = - fo e*cossx dx = |- ] (—cossx + s sinsx ) ]
- |2 _1

T - 1+ s2

= UC_\/;1+52’ at t=0 ... (3)

Equations (2) & (3) give, A = \/% 1

o2 put this value in equation (1), we get

2 1 2, _t
U. = = etz
¢ T 1+s2

Taking inverse Fourier cosine transform, we obtain

2
2 coof [20 1 st &
Ul t) = |- - — e 2| cossx ds
( ¢ ) T fO T 1+s2
= Ul t) = 2 e“g i L o5’ cossx ds
! T or 0 1+s2 ’

5. Conclusion

In this paper, the Laplace and Fourier transform method for solving partial differential equations is
studied. Using the theorems and the properties of the transforms we solved the partial differential
equations using both the transforms. We concluded that Laplace and Fourier transforms are the
influential transforms to effect with these equations that the solution is obtained without finding the
general solution.
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