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Abstract  

In this paper, I present the definition and important properties of Laplace and Fourier transforms 

which are applicable for solving the partial differential equations. The result shows that the Laplace 

and Fourier transforms are more effective and useful to solve the initial and boundary value problems. 
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1. Introduction   

The integral transforms are useful for solving the ordinary differential equations, partial differential 

equations, integral equations, Integro-differential equations etc. In this paper we apply Laplace and 

Fourier transforms to solve the partial differential equations with initial and boundary conditions.[1-5] 

Let 𝑢(𝑥, 𝑡) be the function of two independent variables  𝑥 and 𝑡  .The partial differential equations 

involves the partial derivatives  𝑢𝑥 ,  𝑢𝑡 ,   𝑢𝑥𝑥 ,   𝑢𝑡𝑡 ,   𝑢𝑥𝑡   etc. of function  𝑢(𝑥, 𝑡) . While applying 

these transforms to partial differential equations it is necessary to know the transforms of partial 

derivatives of function. The advantage of the integral transforms is to obtain the solution of initial 

value problems without finding the general solution and values of arbitrary constants.  Here I 

mentioned the definition, important properties, theorems on Laplace and Fourier transforms which are 

applicable for solving the partial differential equations. 

2. Laplace Transforms  

The Laplace transform methods provide an easy and effective means for the solution of many 

problems arising in engineering and science.  

Definition.  Let 𝑓(𝑡) be a function defined for all   𝑡 > 0  . The Laplace transform of 𝑓(𝑡)  is 

∫ 𝑒−𝑠𝑡∞

0
 𝑓(𝑡)  𝑑𝑡   , [1-6, 10, 12, 13].  It is denoted by 𝐿{𝑓(𝑡)}  or 𝐹(𝑠)                                       

Thus   𝐿{𝑓(𝑡)} = 𝐹(𝑠) =  ∫ 𝑒−𝑠𝑡∞

0
 𝑓(𝑡)  𝑑𝑡  ,     provided that the integral exists.  

Here  𝐿 is called Laplace transformation operator. The parameter  𝑠 is real or complex. 

Theorem. Let 𝑢(𝑥, 𝑡) be a function defined for 𝑡 > 0 and  𝑥 ∈ [𝑎, 𝑏]. Then 

(𝑖) 𝐿 ( 
𝜕𝑢

𝜕𝑡
 ) = 𝑠 𝑈 − 𝑢(𝑥, 0), where 𝑈 = 𝑈(𝑥, 𝑠) = 𝐿{𝑢(𝑥, 𝑡)     

 (𝑖𝑖)  𝐿 ( 
𝜕𝑢

𝜕𝑥
 ) =  

𝑑 𝑈

𝑑𝑥
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 (𝑖𝑖𝑖) 𝐿 ( 
𝜕2𝑢

𝜕𝑡 2
 ) = 𝑠2𝑈 − 𝑠 𝑢(𝑥, 0) − 𝑢𝑡(𝑥, 0),   where  𝑢𝑡(𝑥, 0) =

𝜕𝑢

𝜕𝑡
   

 (𝑖𝑣) 𝐿 ( 
𝜕2𝑢

𝜕𝑥2
 ) =

𝑑2  𝑈

𝑑𝑥2  
    . [1-3, 5-6]. 

Proof.   

 (𝑖) 𝐿 ( 
𝜕𝑢

𝜕𝑡
 )  =   ∫ 𝑒−𝑠𝑡∞

0
  

𝜕𝑢

𝜕𝑡
 𝑑𝑡 =   [ 𝑒−𝑠𝑡   𝑢(𝑥, 𝑡)]0

∞  −  ∫ −𝑠 𝑒−𝑠𝑡∞

0
  𝑢(𝑥, 𝑡)  𝑑𝑡 

                 =   [ 0 −  𝑢(𝑥, 0)]  +   𝑠 ∫  𝑒−𝑠𝑡∞

0
  𝑢(𝑥, 𝑡)  𝑑𝑡 = − 𝑢(𝑥, 0)  +  𝑠 𝐿{𝑢(𝑥, 𝑡)}                            

                 =    𝑠 𝑈 −   𝑢(𝑥, 0)                                 

 (𝑖𝑖) 𝐿 ( 
𝜕𝑢

𝜕𝑥
 ) = ∫ 𝑒−𝑠𝑡∞

0
  

𝜕𝑢

𝜕𝑥
 𝑑𝑡  =

𝑑

𝑑𝑥
  ∫ 𝑒−𝑠𝑡∞

0
  𝑢(𝑥, 𝑡) 𝑑𝑡 =

𝑑

𝑑𝑥
 𝐿{𝑢(𝑥, 𝑡)}  =

𝑑 𝑈

𝑑𝑥
.  

 (𝑖𝑖𝑖) Let   𝑣 =   
𝜕𝑢

𝜕𝑡
  , then                  

         𝐿 ( 
𝜕2𝑢

𝜕𝑡 2
 )  =   𝐿 { 

𝜕

𝜕𝑡
 ( 

𝜕𝑢

𝜕𝑡
 ) }  =  𝐿 ( 

𝜕𝑣

𝜕𝑡
 )  =   𝑠 𝐿{ 𝑣(𝑥, 𝑡) } −  𝑣(𝑥, 0)                                       

                          =   𝑠 𝐿 { 
𝜕𝑢

𝜕𝑡
 } −  𝑣(𝑥, 0)  =   𝑠 [ 𝑠 𝐿{𝑢(𝑥, 𝑡)} −  𝑢 (𝑥, 0)] −  𝑣(𝑥, 0)                      

                          =  𝑠2 𝑈 − 𝑠 𝑢(𝑥, 0) −
𝜕

𝜕𝑡
𝑢(𝑥, 0)  =    𝑠2 𝑈 − 𝑠 𝑢(𝑥, 0) − 𝑢𝑡(𝑥, 0) .                                                                     

   (𝑖𝑣)Let   𝑣 =   
𝜕𝑢

𝜕𝑥
  , then                          

            𝐿 ( 
𝜕2𝑢

𝜕𝑥2
 )   =    𝐿 { 

𝜕

𝜕𝑥
 ( 

𝜕𝑢

𝜕𝑥
 ) }  =  𝐿 ( 

𝜕𝑣

𝜕𝑥
 )  =    

𝑑 

𝑑𝑥
 𝐿{ 𝑣 }     

                              =    
𝑑 

𝑑𝑥
 𝐿 { 

𝜕𝑢

𝜕𝑥
 }   =   

𝑑 

𝑑𝑥
 ( 

𝑑 

𝑑𝑥
𝐿{𝑢} ) =   

𝑑2 

𝑑𝑥2  
𝐿{𝑢}   =   

𝑑2𝑈 

𝑑𝑥2 
 .   

 

3. Fourier Transforms 

Definition. The Fourier transform of function 𝑓(𝑥) is denoted by  𝑓(̅𝑠) or  𝐹(𝑠) or  𝐹{𝑓(𝑥)} and is 

defined as [1-5, 9, 11] 

           𝐹{𝑓(𝑥)}  =  𝑓(̅𝑠) =  
1

√2𝜋
 ∫   𝑒𝑖𝑠𝑥  𝑓(𝑥) 𝑑𝑥

∞

−∞
  

where, s is real and the integral on right hand side is converges. 

The inverse Fourier transform is given by  

 𝑓(𝑥) =  𝐹−1{ 𝑓(̅𝑠)} =  
1

√2𝜋
 ∫   𝑒−𝑖𝑠𝑥  𝑓(̅𝑠) 𝑑𝑠

∞

−∞
 . 

Fourier sine transform: Fourier sine transform of function 𝑓(𝑥)  is denoted by  𝑓𝑠̅(𝑠)  or  

𝐹𝑠(𝑠) or  𝐹𝑠 {𝑓(𝑥)} and is defined as 𝐹𝑠{𝑓(𝑥)}   =  𝑓𝑠̅(𝑠) =  √
2

𝜋
 ∫  𝑓(𝑥) sin 𝑠𝑥 𝑑𝑥

∞

0
  

The inverse formula for Fourier sine transform is given by  

                𝑓(𝑥) =  𝐹𝑠
−1{ 𝑓𝑠̅(𝑠} =  √

2

𝜋
  ∫     𝑓𝑠̅(𝑠 ) sin 𝑠𝑥 𝑑𝑠

∞

0
 . 

Fourier cosine transform: Fourier cosine transform of function 𝑓(𝑥)  is denoted by 𝑓𝑐̅(𝑠)  or 

𝐹𝑐(𝑠) or 𝐹𝑐{𝑓(𝑥)} and is defined as 

                𝐹𝑐{𝑓(𝑥)} = 𝑓𝑐̅(𝑠) = √
2

𝜋
 ∫  𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

0
  

The inverse formula for Fourier cosine transform is given by  

                𝑓(𝑥) =  𝐹𝑐
−1{ 𝑓𝑐̅(𝑠} =  √

2

𝜋
  ∫     𝑓𝑐̅(𝑠 ) cos 𝑠𝑥 𝑑𝑠

∞

0
 . 

 Fourier Transforms of Derivative of a Function: [1-3, 7-9]. 

   (𝑖)  𝐹{𝑓′(𝑥)} = (−𝑖𝑠) 𝑓(̅ 𝑠 )                      (𝑖𝑖) 𝐹{𝑓(𝑛)(𝑥)} = (−𝑖𝑠)𝑛 𝑓̅( 𝑠 ) 
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  (𝑖𝑖𝑖) 𝐹𝑐{𝑓′(𝑥)} =  𝑠 𝑓𝑠̅(𝑠 ) − √
2

𝜋
   𝑓(0)     (𝑖𝑣) 𝐹𝑠{𝑓′(𝑥)}    =  −𝑠 𝑓𝑐̅(𝑠 ) 

  (𝑣) 𝐹𝑐{𝑓′′(𝑥)} = − 𝑠2 𝑓𝑐̅(𝑠 ) − √
2

𝜋
  𝑓′(0)  (𝑣𝑖) 𝐹𝑠{𝑓′′(𝑥)} = − 𝑠2 𝑓𝑠̅(𝑠 )√

2

𝜋
   𝑠 𝑓(0) 

 (𝑣𝑖𝑖)  𝐹 { 
𝜕2𝑢

𝜕𝑥2
}   =    − 𝑠2𝐹{𝑢)   =   − 𝑠2 𝑢̅(𝑠) 

  (𝑣𝑖𝑖𝑖)  𝐹𝑠 { 
𝜕2𝑢

𝜕𝑥2
}  =    − 𝑠2 𝐹𝑠(𝑢) + 𝑠 (𝑢)𝑥=0    =   − 𝑠2 𝑢̅𝑠(𝑠 ) +  𝑠 𝑢(0) 

  (𝑖𝑥)   𝐹𝑐 { 
𝜕2𝑢

𝜕𝑥2
}   =    − 𝑠2 𝐹𝑐(𝑢) − (  

𝜕𝑢

𝜕𝑥
 )

𝑥=0
 =   − 𝑠2 𝑢̅𝑐(𝑠 ) − (  

𝜕𝑢

𝜕𝑥
 )

𝑥=0
 

4. Illustrative Examples 

Example1. Solve  
𝜕𝑢

𝜕𝑡
= 3  

𝜕2𝑢

𝜕𝑥2
 , given that 𝑢(0, 𝑡) = 0, 𝑢(5, 𝑡) = 0, 𝑢(𝑥, 0) = sin 𝜋𝑥.   

Taking Laplace transform to both sides of given partial differential equation and applying conditions, 

we get  𝑠 𝐿{ 𝑢 } −  𝑢(𝑥, 0) = 3 
𝑑2  

𝑑𝑥2 
𝐿{𝑢} 

          ⟹     𝑠 𝑈 − sin 𝜋𝑥 =  3  
𝑑2𝑈 

𝑑𝑥2  
                                          

          ⟹      3   
𝑑2𝑈 

𝑑𝑥2 
 −  𝑠𝑈 =  − sin 𝜋𝑥                                          

          ⟹     
𝑑2𝑈 

𝑑𝑥2  
 −  

𝑠

3
𝑈 =  − 

1

3
  sin 𝜋𝑥 . This is 2nd order linear differential equation.  

Its solution is   𝑈   =   𝐴 𝑒√𝑠/3  𝑥  +  𝐵 𝑒−√𝑠/3  𝑥 +  
1

 s  + 3 π2   
 sin 𝜋𝑥            …  (1)       

Taking Laplace transform to the conditions which involve 𝑡,  

                                  𝐿{ 𝑢(0, 𝑡) }   =  𝑈 ( 0, 𝑠) = 0  

                                  𝐿{ 𝑢(5, 𝑡) }   =  𝑈 ( 5, 𝑠) = 0  

Using these conditions in equation (1), we obtain   0 =  𝐴 + 𝐵                    … (i)                                                                                               

and       0 =  𝐴 𝑒5√𝑠/3   +  𝐵 𝑒−5√𝑠/3  𝑥 +  
1

 s  + 3 π2  
 sin 5𝜋 

⟹         0 =  𝐴 𝑒5√𝑠/3   +  𝐵 𝑒−5√𝑠/3  𝑥                                                      \  … (ii) 

Solve (𝑖) & (𝑖𝑖) we get,     𝐴 = 0  ,     𝐵 = 0 

Then equation (1) becomes,  𝑈 =  
1

 s  + 3 π2  
 sin 𝜋𝑥 

Taking inverse Laplace transform, we get 

        𝐿−1{ 𝑈 } = sin 𝜋𝑥  𝐿−1 { 
1

 s  + 3 π2   
 }   ⟹     𝑢(𝑥, 𝑡)   =   sin 𝜋𝑥  𝑒−3 π2𝑡   .  

Example 2. Solve 
𝜕2𝑢

𝜕𝑡 2
= 9

𝜕2𝑢

𝜕𝑥2
 , given that  𝑢(0, 𝑡) = 𝑢(2, 𝑡) = 0,     𝑢𝑡(𝑥, 0) = 0 ,       

                             𝑢(𝑥, 0) = 10 sin 2𝜋𝑥 − 20 sin 5𝜋𝑥     . 

Taking Laplace transform to both sides of given partial differential equation and applying conditions, 

we get  𝑠2 𝐿{ 𝑢 } − 𝑠 𝑢(𝑥, 0)  −  𝑢𝑡(𝑥, 0) = 9 
𝑑2 

𝑑𝑥2  
𝐿{𝑢}                

                ⟹              𝑠2 𝑈 − 𝑠 ( 10 sin 2𝜋𝑥 − 20 sin 5𝜋𝑥 ) =  9  
𝑑2𝑈 

𝑑𝑥2  
                                          

                ⟹             
𝑑2𝑈 

𝑑𝑥2  
 −  

𝑠2

9
 𝑈 =  − 

𝑠

9
 ( 10 sin 2𝜋𝑥 − 20 sin 5𝜋𝑥 )               

This is 2nd order linear differential equation. Its solution is 

           𝑈 = 𝐴 𝑒 
𝑠

3
 𝑥  +  𝐵 𝑒− 

𝑠

3
 𝑥 +  

10 s

s2 + 36 π2  
sin 2𝜋𝑥 − 

20 s

s2 + 225 π2 
sin 5𝜋𝑥      … (1)       

Taking Laplace transform to the conditions which involve 𝑡,  

𝐿{ 𝑢(0, 𝑡) } = 𝑈 ( 0, 𝑠) =  0,      𝐿{ 𝑢(2, 𝑡) } = 𝑈 ( 2, 𝑠) =  0  

Using these conditions in equation (1), we get 

http://www.ijcrt.org/


www.ijcrt.org                                       © 2024 IJCRT | Volume 12, Issue 10 October 2024 | ISSN: 2320-2882 

IJCRT2410170 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org b435 
 

  0  =   𝐴 + 𝐵    and    0 = 𝐴 𝑒 
2 𝑠

3
  +  𝐵 𝑒− 

2 𝑠

3
 𝑥

     ⟹     𝐴 =  0 ,     𝐵 =  0     

Then equation (1) becomes,  𝑈 =  
10 s

s2 + 36 π2 
sin 2𝜋𝑥 −  

20 s

s2 + 225 π2 
sin 5𝜋𝑥   

Taking inverse Laplace transform, we get 

       𝐿−1{ 𝑈 }   =   10  sin 2𝜋𝑥   𝐿−1 { 
 s

s2 + 36 π2 
  } − 20 sin 5𝜋𝑥   𝐿−1 { 

 s

s2 + 225 π2 
  }  

 ⟹         𝑢(𝑥, 𝑡)   =   10 sin 2𝜋𝑥  cos 6𝜋𝑡  − 20 sin 5𝜋𝑥  cos 15𝜋𝑡 .    

 

Example 3. Solve the equation  
𝜕 𝑢

𝜕𝑡
 =  

𝜕2𝑢

𝜕𝑥2
  , subject to the conditions  

𝑢 = 0, for 𝑥 = 0,   𝑡 > 0 ;    𝑢 = {
1  ,   0 < 𝑥 < 1
0 ,           𝑥 ≥ 1

  for  𝑡 = 0  and 𝑢(𝑥, 𝑡) is bounded 

Taking Fourier sine transform to given partial differential equation, we get 

                  √
2

𝜋
  ∫  

𝜕 𝑢

𝜕𝑡
 sin 𝑠𝑥 𝑑𝑥 

∞

0
=  − 𝑠2 𝑢̅𝑠(𝑠 ) +  𝑠 𝑢(0) 

         ⟹      
𝜕 

𝜕𝑡
 √

2

𝜋
 ∫  𝑢 sin 𝑠𝑥 𝑑𝑥 

∞

0
=    − 𝑠2 𝑢̅𝑠(𝑠 )         ( ∵ 𝑢 = 0   when   𝑥 = 0 ) 

         ⟹      
𝜕 

𝜕𝑡
 𝐹𝑠(𝑢)  =    − 𝑠2 𝑢̅𝑠(𝑠 )             ⟹       

𝜕 

𝜕𝑡
 𝑢̅𝑠(𝑠 )  =    − 𝑠2 𝑢̅𝑠(𝑠 )         

         or     
𝑑 𝑢𝑠

 

𝑑𝑡
 +  𝑠2  𝑢̅𝑠  = 0.   Its solution is,  

                   𝑢̅𝑠  =  𝑢̅𝑠(𝑠, 𝑡 )   =    𝐴  𝑒−𝑠2𝑡  ,                                                 … (1) 

At   𝑡 =  0 ,           𝑢̅𝑠  =   𝐴                                                                          … (2) 

Now     𝑢̅𝑠   =   √
2

𝜋
 ∫  𝑢(𝑥, 𝑡) sin 𝑠𝑥 𝑑𝑥 

∞

0
 

At   𝑡 =  0 ,       𝑢̅𝑠   =   √
2

𝜋
 ∫  𝑢(𝑥, 0)  sin 𝑠𝑥 𝑑𝑥 

∞

0
= √

2

𝜋
 ∫  1 sin 𝑠𝑥 𝑑𝑥 

1

0
 

⟹      𝑢̅𝑠   =   √
2

𝜋
 [ 

−𝑐𝑜𝑠 𝑠𝑥

𝑠
 ]

0

1
   =    √

2

𝜋
  ( 

1 − cos 𝑠

𝑠
 )                                           …  (3) 

Equations (2) & (3) give,    𝐴 =  √
2

𝜋
  ( 

1 − cos 𝑠

𝑠
 ),   put this value in equation (1),  

we get   𝑢̅𝑠   =    √
2

𝜋
  ( 

1 − cos 𝑠

𝑠
 )   𝑒−𝑠2𝑡                                

Taking inverse Fourier sine transform, we obtain 

                       𝑢(𝑥, 𝑡)   =   √
2

𝜋
  ∫ [ √

2

𝜋
  ( 

1 − cos 𝑠

𝑠
 )  𝑒−𝑠2𝑡] sin 𝑠𝑥 𝑑𝑠 

∞

0
  

                        𝑢(𝑥, 𝑡)   =   
2

𝜋
  ∫  ( 

1 − cos 𝑠

𝑠
 )  𝑒−𝑠2𝑡  sin 𝑠𝑥 𝑑𝑠.

∞

0
  

 

Example 4. Solve the equation   
𝜕 𝑈

𝜕𝑡
+  

𝜕2𝑈

𝜕𝑥2
+  𝑡𝑈 = 0,   𝑥 > 0   , 𝑡 > 0    given that 

                 𝑈(𝑥, 0) = 𝑒−𝑥  ,   𝑈𝑥( 0, 𝑡) = 0  and  𝑈(𝑥, 𝑡) → 0 uniformly in 𝑡 as 𝑥 → ∞. 

Taking Fourier cosine transform to given partial differential equation, we get 

       ⟹       √
2

𝜋
  ∫  

𝜕 𝑈

𝜕𝑡
 cos 𝑠𝑥 𝑑𝑥 

∞

0
 −  𝑠2 𝑈𝑐(𝑠 ) −  (  

𝜕𝑈

𝜕𝑥
 )

𝑥=0
+ 𝑡 𝑈𝑐(𝑠 ) = 0 

      ⟹          
𝜕 

𝜕𝑡
 √

2

𝜋
 ∫  𝑈 cos 𝑠𝑥 𝑑𝑥 

∞

0
=    𝑠2 𝑈𝑐(𝑠 ) − 𝑡 𝑈𝑐(𝑠 )                           

      ⟹       
𝜕 

𝜕𝑡
 𝐹𝑐(𝑈) = 𝑠2 𝑈𝑐(𝑠 ) − 𝑡 𝑈𝑐(𝑠 )    ⟹    

𝜕 

𝜕𝑡
 𝑈𝑠(𝑠 )  =   𝑠2 𝑈𝑐(𝑠 ) − 𝑡 𝑈𝑐(𝑠 )         
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    or         
𝑑 𝑈̅𝑐

 

𝑑𝑡
    =  (𝑠2 – 𝑡)𝑈𝑐    .     This is 1st order DE, its solution is,  

     ∴         𝑈𝑐  =  𝑈𝑐(𝑠, 𝑡 ) =  𝐴  𝑒𝑠2𝑡 −  
𝑡2

2  ,                                                          …  (1) 

At   𝑡 =  0 ,           𝑈𝑐  =   𝐴                                                                                  …  (2) 

Taking Fourier cosine transform to the condition, we get 

                  𝐹𝑐{ 𝑈(𝑥, 0)}  =   𝐹𝑐{ 𝑒−𝑥} ,       at    𝑡 =  0 

        ⟹    𝑈𝑐  =  √
2

𝜋
 ∫  𝑒−𝑥  cos sx  𝑑𝑥 

∞

0
 = √

2

𝜋
 [  

𝑒−𝑥

1+ 𝑠2
 (− cos 𝑠𝑥 + 𝑠 𝑠𝑖𝑛𝑠𝑥 ) ]0

∞     

        ⟹      𝑈𝑐  =  √
2

𝜋
  

1

1+ 𝑠2
  ,     at    𝑡 =  0                                                       …  (3) 

Equations (2) & (3) give,    𝐴 =  √
2

𝜋
  

1

1+ 𝑠2
 ,   put this value in equation (1), we get 

                   𝑈𝑐  =     √
2

𝜋
  

1

1+ 𝑠2
  𝑒𝑠2𝑡 −  

𝑡2

2        .  

Taking inverse Fourier cosine transform, we obtain 

                   𝑈(𝑥, 𝑡)   =   √
2

𝜋
  ∫ [ √

2

𝜋
  

1

1+ 𝑠2
  𝑒𝑠2𝑡 −  

𝑡2

2 ]  cos 𝑠𝑥 𝑑𝑠 
∞

0
    

         ⟹        𝑈(𝑥, 𝑡)   =   
2

𝜋
  𝑒−  

𝑡2

2   ∫  
1

1+ 𝑠2
  𝑒𝑠2𝑡  cos 𝑠𝑥 𝑑𝑠.

∞

0
  

5. Conclusion 

In this paper, the Laplace and Fourier transform method for solving partial differential equations is 

studied. Using the theorems and the properties of the transforms we solved the partial differential 

equations using both the transforms. We concluded that Laplace and Fourier transforms are the 

influential transforms to effect with these equations that the solution is obtained without finding the 

general solution.   
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