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1. INTRODUCTION. 

The Banach fixed Point theorem is very popular and useful theorem in Mathematics as well as in other 

subjects. In 1989, Bakhtin [1] introduced the concept of generalized b–metric spaces. Boriceanu [2], Mehmat 

Kir [3] extended the fixed point theorem in b–metric space. Borkar [4] obtained the common fixed point theorem 

for non expansive type mapping. Czerwik [5-6] presented the generalization of Banach fixed point theorem in 

b-metric spaces. Using this idea many researchers presented a generalization of the renowned Banach fixed 

point theorem in b-metric space. Agrawal [7] presented the existence and uniqueness theorem in b-–Metric 

Space. Chopade [8] given common fixed point theorems for contractive type mapping in metric space. 

Borgaonkar V.D. and K.L. Bondar [9-10] has obtained the fixed point theorems in b -metric spaces. Roshan 

[11] obtained common fixed point of four maps in b–Metric space. Suzuki [12] obtained some basic inequalities 

and it’s applications in a b–Metric space.  

To generalize the fixed point theorems, the concept of commuting mappings is proven to be very useful. 

Jungck [13] has generalized the Banach’s Contraction Principle and proved a fixed point theorem for 

commuting mappings. Later, many researchers have obtained the fixed point theorems for commuting 
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mappings. Sessa [14] has introduced the notion of weakly commuting mapping and obtained the fixed point 

results for such mappings. Later Jungck [15] generalized the concept of commuting mappings and he introduced 

the notion of compatible mappings. After that many fixed point results are obtained for compatible mappings. 

Jungck et.al. [16] defined the compatible mappings of type (A). In (1998), Jungck and Rhodes [17] have given 

the concept of weakly compatible mappings. Many researchers have obtained the fixed point theorems for 

weakly compatible mappings assuming the continuity of at least one mapping in various metric spaces. 

In this paper, we will obtain the fixed point theorem for two pairs of weakly compatible mappings in b-metric 

space for a continuous b-metric. 

 

2. SOME BASIC DEFINITIONS AND PRELIMINARIES 

Definition 2.1: Let X be a non-empty set. A function δ: X × X ⟶ ℝ  is called as a metric provided that for 

all u, v, w ∈ X we have, 

(i) δ(u, v) ≥ 0  
(ii) δ(u, v) =  0 if and only if u = v 

(iii) δ(u, v) = δ( v, u) 

(iv) δ(u, v) ≤  δ(u, w) + δ(w, v) 

A pair (X, δ) is called as metric space. 

 

Definition 2.2: By Czerwik [5], Let X be a non-empty set and s ≥ 1 be a given real number. A function 

δ: X × X ⟶ ℝ  is called as a b- metric provided that for all u, v, w ∈ X we have, 

(i) δ(u, v) ≥ 0  
(ii) δ(u, v) =  0  if and only if u = v 

(iii) δ(u, v) = δ( v, u) 

(iv) δ(u, v) ≤  s{δ(u, w) + δ(w, v)} 
A pair (X, δ) is called as b- metric space. b-metric space is an extension of the usual metric space. 

 

Remark 2.1: If s = 1, then the b-metric space is a usual metric space. 

Example 2.1: If X = ℝ, be the set of all real numbers and      d(u, v) =  |u − v|   ∀ u, v ∈ ℝ be a usual metric 

defined on ℝ, then    δ(u, v) =  (u − v)2 is a b-metric on ℝ with s = 2. 

Example 2.2: If (X, d) be a metric space and δ(u, v) =  d(u, v)k  ∀ u, v ∈ X, where k > 1 is a real number. 

Clearly (X, δ) is a b- metric space with s = 2k−1. 

Example 2.3: By Boriceanu [2], Let A = {0, 1, 2} and δ: A × A → ℝ is defined as, 

i) δ(0, 2) =  δ(2, 0) = m ≥ 2 

ii) δ(0, 1) =  δ(1, 0) = δ(2, 1) =  δ(1, 2) = 1 

iii) δ(0, 0) =  δ(1, 1) = δ(2, 2) = 0 

Here, δ(a, b) is a metric on A with s =
m

2
. 

Definition2.3: By Boriceanu [2], Let (X, δ) be a b-metric space then a sequence {un} in X is said to be a 

convergent sequence if there exist u ∈ X such that for all ϵ > 0 there exists n(ϵ) ∈ N such that for n ≥
n(ϵ) we have δ(un, u) < ϵ. In this case we write lim

n→∞
un = u 

Definition2.4: By Boriceanu [2], Let (X, δ) be a b-metric space then a sequence {un} in X is called as 

Cauchy sequence if for all ϵ > 0 there exists n(ϵ) ∈ N such that for m, n ≥ n(ϵ) we have δ(un, um ) < ϵ.  

Definition2.4: By Boriceanu [2], Let (X, δ) be a b-metric space then X is said to be complete if every 

Cauchy sequence in X is a convergent sequence in X. 
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Definition 2.5: Let X be any nonempty set then two self mappings 

P: X → X and Q: X → X are said to be weakly compatible if,  PQ(x) = QP(x) whenever,              Px = Qx for 

some x ∈ X. 

Example 2.3: Let X = R. Define P, Q: X → X as P(x) = x2 + x − 4 and        Q(x) = x. Here,  P(2) = 2 and 

Q(2) = 2, Hence, QP(2) = 2 and PQ(2) = 2. 
∴ P and Q are weakly compatible. 

Example 2.4:  Let X = R. Define P, Q: X → X as P(x) = x2 − x − 1 and Q(x) = −x. Here, P(1) = −1 and 

Q(1) = −1 and QP(1) = −1 Hence,   PQ(1) = −1.   
 ∴ P and Q are weakly compatible. 

Remark 2.2:  The b-metric under consideration in this chapter is a continuous function. 

Lemma 2.1:  Let (X, δ) be a complete b-metric space with s ≥ 1, and let {xn} be a sequence in X. Assume 

that there exist r ∈ [0,1) satisfying, 

δ(xn+1, xn+2) ≤ rδ(xn, xn+1)   for any n ∈ N. 

Then {xn} is Cauchy sequence in X. 

 

3. MAIN RESULT. 

Theorem 3.1:  Let P, Q, R and S be self-mappings of a complete b-metric space (X, d) with s ≥ 1 such that, 

(3.1) P(X) ⊂ S(X) and Q(X) ⊂ R(X). 
(3.2) [1 + αd(Rx, Sy)]d(Px, Qy) ≤ α max{d(Qy, Sy). d(Px, Rx), d(Px, Sy). d(Rx, Qy)}

. +  β max{d(Rx, Sy), d(Sy, Qy)}

. +
γ

2
[d(Px, Sy) + d(Px, Rx)],

 holds for all x, y ∈ X, 

where, 0 < α < 1, 0 < β < 1 and 0 < γ < 1 satisfying, β + 2γs <
1

2
. 

(3.3) The pairs (P, R) and (Q, S) are weakly compatible. 

(3.4.) One of the P, Q, R and S is continuous. 

Then prove that P, Q, R and S have a unique common fixed point in X. 

Proof: Existence of Fixed Point:  

Let 𝑥0 ∈ 𝑋 be an arbitrary point. For 𝑥0 ∈ 𝑋, choose a point 𝑥1 ∈ 𝑋, such that, 𝑃𝑥0 = 𝑆𝑥1. Also, for 𝑥1 ∈ 𝑋, 
choose a point 𝑥2 ∈ 𝑋, such that, 𝑄𝑥1 = 𝑅𝑥2. By continuing this process, we define a sequence {𝑦𝑛} in 𝑋 as, 

𝑦2𝑛 = 𝑃𝑥2𝑛 = 𝑆𝑥2𝑛+1  and  𝑦2𝑛+1 = 𝑄𝑥2𝑛+1 = 𝑅𝑥2𝑛+2,  ∀  𝑛 = 0,1,2, . . .. 

Firstly, we will prove that, {𝑦𝑛} is a Cauchy sequence in 𝑋. 

Put 𝑥 = 𝑥2𝑛+2 and 𝑦 = 𝑥2𝑛+1 in condition (3.2) then we get, 

[1 + 𝛼 𝑑(𝑅𝑥2𝑛+2, 𝑆𝑥2𝑛+1)]𝑑(𝑃𝑥2𝑛+2, 𝑄𝑥2𝑛+1) ≤ 𝛼 max {𝑑(𝑄𝑥2𝑛+1, 𝑆𝑥2𝑛+1). 𝑑(𝑃𝑥2𝑛+2, 𝑅𝑥2𝑛+2),

   𝑑(𝑃𝑥2𝑛+2, 𝑆𝑥2𝑛+1). 𝑑(𝑅𝑥2𝑛+2, 𝑄𝑥2𝑛+1)}

+𝛽 max {𝑑(𝑅𝑥2𝑛+2, 𝑆𝑥2𝑛+1), 𝑑(𝑆𝑥2𝑛+1, 𝑄𝑥2𝑛+1)}

+
𝛾

2
[𝑑(𝑃𝑥2𝑛+2, 𝑆𝑥2𝑛+1) + 𝑑(𝑃𝑥2𝑛+2, 𝑅𝑥2𝑛+2)]

 

[1 + 𝛼 𝑑(𝑦2𝑛+1, 𝑦2𝑛)]𝑑(𝑦2𝑛+2, 𝑦2𝑛+1) ≤ 𝛼 max {𝑑(𝑦2𝑛+1, 𝑦2𝑛). 𝑑(𝑦2𝑛+2, 𝑦2𝑛+1),

   𝑑(𝑦2𝑛+2, 𝑦2𝑛). 𝑑(𝑦2𝑛+1, 𝑦2𝑛+1)}

+𝛽 max {𝑑(𝑦2𝑛+1, 𝑦2𝑛), 𝑑(𝑦2𝑛, 𝑦2𝑛+1)}

+
𝛾

2
[𝑑(𝑦2𝑛+2, 𝑦2𝑛) + 𝑑(𝑦2𝑛+2, 𝑦2𝑛+1)]
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𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) + 𝛼 𝑑(𝑦2𝑛, 𝑦2𝑛+1). 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) ≤ 𝛼 max {𝑑(𝑦2𝑛, 𝑦2𝑛+1). 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2),

𝑑(𝑦2𝑛, 𝑦2𝑛+2). 0} + 𝛽𝑑(𝑦2𝑛, 𝑦2𝑛+1)

+
𝛾𝑠

2
𝑑(𝑦2𝑛, 𝑦2𝑛+1) +

𝛾𝑠

2
𝑑(𝑦2𝑛+1, 𝑦2𝑛+2)

+
𝛾

2
𝑑(𝑦2𝑛+1, 𝑦2𝑛+2)

 

𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) + 𝛼 𝑑(𝑦2𝑛, 𝑦2𝑛+1). 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) ≤ 𝛼𝑑(𝑦2𝑛, 𝑦2𝑛+1). 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2)

+𝛽𝑑(𝑦2𝑛, 𝑦2𝑛+1) +
𝛾𝑠

2
𝑑(𝑦2𝑛, 𝑦2𝑛+1)

+
𝛾𝑠 + 𝛾

2
𝑑(𝑦2𝑛+1, 𝑦2𝑛+2)

 

[1 − (
𝛾𝑠 + 𝛾

2
)] 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) ≤ (𝛽 +

𝛾𝑠

2
) 𝑑(𝑦2𝑛, 𝑦2𝑛+1) 

∴ 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) ≤ [
𝛽 +

𝛾𝑠
2

1 − (
𝛾𝑠 + 𝛾

2 )
] 𝑑(𝑦2𝑛, 𝑦2𝑛+1) 

∴ 𝑑(𝑦2𝑛+1, 𝑦2𝑛+2) ≤ 𝑟𝑑(𝑦2𝑛, 𝑦2𝑛+1) 

where 𝑟 = [
𝛽+

𝛾𝑠

2

1−(
𝛾𝑠+𝛾

2
)
] < 1  ∵ 𝛽 + 2𝛾𝑠 < 1 

∴ In general, we have, for any 𝑛 ∈ 𝑁, 

∴ 𝑑(𝑦𝑛+1, 𝑦𝑛+2) ≤ 𝑟𝑑(𝑦𝑛, 𝑦𝑛+1) 

Therefore, by Lemma (2.1), {𝑦𝑛} is a Cauchy sequence in 𝑋, hence it converges to a point 𝑦0 in 𝑋. 

∴ 𝑙𝑖𝑚
𝑛→∞

𝑦𝑛 = 𝑦0 

∴ 𝑙𝑖𝑚
𝑛→∞

𝑦2𝑛 = 𝑙𝑖𝑚
𝑛→∞

𝑦2𝑛+1 = 𝑦0 

∴ The subsequences 𝑃𝑥2𝑛, 𝑆𝑥2𝑛+1, 𝑄𝑥2𝑛+1 and 𝑅𝑥2𝑛 converges to 𝑦0. 
Now, suppose 𝑃 is continuous. Therefore, the sequences 𝑃2𝑥2𝑛 and 𝑃𝑅𝑥2𝑛 converges to 𝑃𝑦0. As the 

mappings 𝑃 and 𝑅 are weakly compatible therefore by proposition 2.8. in [19], We have, 

𝑙𝑖𝑚
𝑛→∞

𝑅𝑅𝑥2𝑛 = 𝑃𝑦0. 

Now, put 𝑥 = 𝑅𝑥2𝑛 and 𝑦 = 𝑥2𝑛+1 in condition (3.2) then we get, 

[1 + 𝛼 𝑑(𝑅𝑅𝑥2𝑛, 𝑆𝑥2𝑛+1)]𝑑(𝑃𝑅𝑥2𝑛, 𝑄𝑥2𝑛+1) ≤ 𝛼 max{𝑑(𝑄𝑥2𝑛+1, 𝑆𝑥2𝑛+1). 𝑑(𝑃𝑅𝑥2𝑛, 𝑅𝑅𝑥2𝑛),

𝑑(𝑃𝑅𝑥2𝑛, 𝑆𝑥2𝑛+1). 𝑑(𝑅𝑅𝑥2𝑛, 𝑄𝑥2𝑛+1)}

+𝛽 max{𝑑(𝑅𝑅𝑥2𝑛, 𝑆𝑥2𝑛+1), 𝑑(𝑆𝑥2𝑛+1, 𝑄𝑥2𝑛+1)}

+
𝛾

2
[𝑑(𝑃𝑅𝑥2𝑛, 𝑆𝑥2𝑛+1) + 𝑑(𝑃𝑅𝑥2𝑛, 𝑅𝑅𝑥2𝑛)].

 

Taking 𝑙𝑖𝑚 as 𝑛 → ∞, on both sides then we get, 

[1 + 𝛼 𝑑(𝑃𝑦0, 𝑦0)]𝑑(𝑃𝑦0, 𝑦0) ≤ 𝛼 max{𝑑(𝑦0, 𝑦0). 𝑑(𝑃𝑦0, 𝑃𝑦0), 𝑑(𝑃𝑦0, 𝑦0). 𝑑(𝑃𝑦0, 𝑦0)}

+𝛽 max{𝑑(𝑃𝑦0, 𝑦0), 𝑑(𝑦0, 𝑦0)}

+
𝛾

2
[𝑑(𝑃𝑦0, 𝑦0) + 𝑑(𝑃𝑦0, 𝑃𝑦0)]

 

∴ 𝑑(𝑃𝑦0, 𝑦0) + 𝛼 𝑑(𝑃𝑦0, 𝑦0). 𝑑(𝑃𝑦0, 𝑦0) ≤ 𝛼 𝑑(𝑃𝑦0, 𝑦0). 𝑑(𝑃𝑦0, 𝑦0)

+𝛽 𝑑(𝑃𝑦0, 𝑦0) +
𝛾

2
𝑑(𝑃𝑦0, 𝑦0)
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∴ 𝑑(𝑃𝑦0, 𝑦0) ≤ 𝛽 𝑑(𝑃𝑦0, 𝑦0) +
𝛾

2
𝑑(𝑃𝑦0, 𝑦0) 

∴ (1 − 𝛽 −
𝛾

2
) 𝑑(𝑃𝑦0, 𝑦0) ≤ 0 

∴ (1 − (𝛽 +
𝛾

2
)) 𝑑(𝑃𝑦0, 𝑦0) ≤ 0 

as 𝛽 +
𝛾

2
< 𝛽 + 2𝛾𝑠 < 1 therefore 1 − (𝛽 +

𝛾

2
) > 0 

0 ≤ 𝑑(𝑃𝑦0, 𝑦0) ≤ 0 

⇒ d(𝑃𝑦0, 𝑦0) = 0 

⇒ 𝑃𝑦0 = 𝑦0 

∴ 𝑦0 is fixed point of mapping 𝑃. 

We have 𝑃(𝑋) ⊂ 𝑆(𝑋), therefore, there exists a point 𝑦1 ∈ 𝑋, such that 𝑦0 = 𝑆𝑦1. 
Now, put 𝑥 = 𝑅𝑥2𝑛 and 𝑦 = 𝑦1 in condition (3.2), then we get, 

[1 + 𝛼 𝑑(𝑅𝑅𝑥2𝑛, 𝑆𝑦1)]𝑑(𝑃𝑅𝑥2𝑛, 𝑄𝑦1) ≤ 𝛼 max{𝑑(𝑄𝑦1, 𝑆𝑦1). 𝑑(𝑃𝑅𝑥2𝑛, 𝑅𝑅𝑥2𝑛),

𝑑(𝑃𝑅𝑥2𝑛, 𝑆𝑦1). 𝑑(𝑅𝑅𝑥2𝑛, 𝑄𝑦1)}

+𝛽 max{𝑑(𝑅𝑅𝑥2𝑛, 𝑆𝑦1), 𝑑(𝑆𝑦1, 𝑄𝑦1)}

+
𝛾

2
[𝑑(𝑃𝑅𝑥2𝑛, 𝑆𝑦1) + 𝑑(𝑃𝑅𝑥2𝑛, 𝑅𝑅𝑥2𝑛)].

 

Taking 𝑙𝑖𝑚 as 𝑛 → ∞ on both sides then we get, 

[1 + 𝛼 𝑑(𝑃𝑦0, 𝑦0)]𝑑(𝑃𝑦0, 𝑄𝑦1) ≤ 𝛼 max{𝑑(𝑄𝑦1, 𝑦0). 𝑑(𝑃𝑦0, 𝑃𝑦0),

𝑑(𝑃𝑦0, 𝑦0). 𝑑(𝑃𝑦0, 𝑄𝑦1)}

+𝛽 max{𝑑(𝑃𝑦0, 𝑦0), 𝑑(𝑦0, 𝑄𝑦1)}

+
𝛾

2
[𝑑(𝑃𝑦0, 𝑦0) + 𝑑(𝑃𝑦0, 𝑃𝑦0)].

 

But, 𝑃𝑦0 = 𝑦0 and 𝑆𝑦1 = 𝑦0 then we get, 

∴ [1 + 𝛼 𝑑(𝑦0, 𝑦0)]𝑑(𝑦0, 𝑄𝑦1) ≤ 𝛼 max{𝑑(𝑄𝑦1, 𝑦0). 𝑑(𝑦0, 𝑦0), 𝑑(𝑦0, 𝑦0). 𝑑(𝑦0, 𝑄y1)}

+𝛽 max{𝑑(𝑦0, 𝑦0), 𝑑(𝑦0, 𝑄𝑦1)}

+
𝛾

2
𝑑(𝑦0, 𝑦0) +

𝛾

2
𝑑(𝑦0, 𝑦0)

 

∴ 𝑑(𝑦0, 𝑄𝑦1) ≤ 𝛽 𝑑(𝑦0, 𝑄𝑦1) 

∴ 0 ≤ (1 − 𝛽)𝑑(𝑦0, 𝑄𝑦1) ≤ 0 

⇒ 𝑑(𝑦0, 𝑄𝑦1) = 0   ∵   𝛽 < 1 

∴ 𝑄𝑦1 = 𝑦0 

∴ 𝑄𝑦1 = 𝑆𝑦1 = 𝑦0. 

But, 𝑄 and 𝑆 are weakly compatible, therefore 𝑄𝑆𝑦1 = 𝑆𝑄𝑦1 

∴ 𝑄𝑦0 = 𝑆𝑦0. 

Put, 𝑥 = 𝑥2𝑛 and 𝑦 = 𝑦0 in condition (3.2) then we get, 
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[1 + 𝛼 𝑑(𝑅𝑥2𝑛, 𝑆𝑦0)]𝑑(𝑃𝑥2𝑛, 𝑄𝑦0) ≤ 𝛼 max{𝑑(𝑄𝑦0, 𝑆𝑦0). 𝑑(P𝑥2𝑛, 𝑅𝑥2𝑛),

𝑑(𝑃𝑥2𝑛, 𝑆𝑦0). 𝑑(𝑅𝑥2𝑛, 𝑄𝑦0)}

+𝛽 max{𝑑(𝑅𝑥2𝑛, 𝑆𝑦0), 𝑑(𝑆𝑦0, 𝑄𝑦0)}

+
𝛾

2
𝑑(𝑃𝑥2𝑛, 𝑆𝑦0) +

𝛾

2
𝑑(𝑃𝑥2𝑛 , 𝑅𝑥2𝑛).

 

Taking 𝑙𝑖𝑚 as 𝑛 → ∞ on both sides then we get, 

[1 + 𝛼 𝑑(𝑦0, 𝑆𝑦0)]𝑑(𝑦0, 𝑄𝑦0) ≤ 𝛼 max{𝑑(𝑄𝑦0, 𝑆𝑦0). 𝑑(𝑦0, 𝑦0), 𝑑(𝑦0, 𝑆𝑦0). 𝑑(𝑦0, 𝑄𝑦0)}

+𝛽 max{𝑑(𝑦0, 𝑆𝑦0), 𝑑(𝑆𝑦0, 𝑄𝑦0)}

+
𝛾

2
𝑑(𝑦0, 𝑆𝑦0) +

𝛾

2
𝑑(𝑦0, 𝑦0)

 

𝑑(𝑦0, 𝑄𝑦0) + 𝛼 𝑑(𝑦0, 𝑆𝑦0). 𝑑(𝑦0, 𝑄𝑦0) ≤ 𝛼 𝑑(𝑦0, 𝑆𝑦0). 𝑑(𝑦0, 𝑄𝑦0)

+𝛽 𝑑(𝑦0, 𝑆𝑦0) +
𝛾

2
𝑑(𝑦0, 𝑆𝑦0)

 

∴ 𝑑(𝑦0, 𝑄𝑦0) ≤ (𝛽 +
𝛾

2
) 𝑑(𝑦0, 𝑆𝑦0) 

∴ 𝑑(𝑦0, 𝑆𝑦0) ≤ (𝛽 +
𝛾

2
) 𝑑(𝑦0, 𝑆𝑦0)    ∵  by (5.3.1) 

∴ (1 − (𝛽 +
𝛾

2
)) 𝑑(𝑦0, 𝑆𝑦0) ≤ 0 

∴ 0 ≤ 𝑑(𝑦0, 𝑆𝑦0) ≤ 0   ∵   𝛽 +
𝛾

2
< 𝛽 + 2𝛾𝑠 < 1 

∴ 𝑑(𝑦0, 𝑆𝑦0) = 0 

∴ 𝑆𝑦0 = 𝑦0. 

Therefore, by (3.1) we have, 𝑄𝑦0 = 𝑦0. 
Hence 𝑦0 is fixed point of both 𝑆 and 𝑄. 

Now, 𝑄(𝑋) ⊂ 𝑅(𝑋) therefore there exist a point 𝑦2 ∈ 𝑋, such that 𝑅𝑦2 = 𝑦0. 
Put 𝑥 = 𝑦2 and 𝑦 = 𝑥2𝑛+1 in condition (3.2.) then we get, 

[1 + 𝛼 𝑑(𝑅𝑦2, 𝑆𝑥2𝑛+1)]𝑑(𝑃𝑦2, 𝑄𝑥2𝑛+1) ≤ 𝛼 max{𝑑(𝑄𝑥2𝑛+1, 𝑆𝑥2𝑛+1). 𝑑(𝑃𝑦2, 𝑅𝑦2),

𝑑(𝑃𝑦2, 𝑆𝑥2𝑛+1). 𝑑(𝑅𝑦2, 𝑄𝑥2𝑛+1)}

+𝛽 max{𝑑(𝑅𝑦2, 𝑆𝑥2𝑛+1), 𝑑(𝑆𝑥2𝑛+1, 𝑄𝑥2𝑛+1)}

+
𝛾

2
[𝑑(𝑃𝑦2, 𝑆𝑥2𝑛+1) + 𝑑(𝑃𝑦2, 𝑅𝑦2)].

 

Taking 𝑙𝑖𝑚 as 𝑛 → ∞ on both sides, then we get, 

[1 + 𝛼 𝑑(𝑦0, 𝑦0)]𝑑(𝑃𝑦2, 𝑦0) ≤ 𝛼 max{𝑑(𝑦0, 𝑦0). 𝑑(𝑃𝑦2, 𝑦0), 𝑑(𝑃𝑦2, 𝑦0). 𝑑(𝑦0, 𝑦0)}

+𝛽 max{𝑑(𝑦0, 𝑦0), 𝑑(𝑦0, 𝑦0)}

+
𝛾

2
[𝑑(𝑃𝑦2, 𝑦0) + 𝑑(𝑃𝑦2, 𝑦0)]

 

𝑑(𝑃𝑦2, 𝑦0) ≤ 𝛾𝑑(𝑃𝑦2, 𝑦0) 

(1 − 𝛾)𝑑(𝑃𝑦2, 𝑦0) ≤ 0 

but (1 − 𝛾) ≠ 0, therefore we get,  

0 ≤ 𝑑(𝑃𝑦2, 𝑦0) ≤ 0 

𝑃𝑦2 = 𝑦0 
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∴ 𝑃𝑦2 = 𝑅𝑦2 = 𝑦0. 

The mappings 𝑃 and 𝑅 are weakly compatible mappings. 

∴ 𝑃𝑦2 = 𝑅𝑦2 

⇒ 𝑃R𝑦2 = 𝑅𝑃𝑦2 

⇒ 𝑃𝑦0 = 𝑅𝑦0 

⇒ 𝑦0 = 𝑅𝑦0   ∵ 𝑃𝑦0 = 𝑦0 

∴ 𝑦0 is fixed point of mapping 𝑅. 

Hence, the mappings 𝑃, 𝑄, 𝑅 and 𝑆 have a common fixed point 𝑦0. 

 

Uniqueness of Fixed Point: 

Suppose 𝑦′0 be another common fixed point of 𝑃, 𝑄, 𝑅 and 𝑆. We have, 

𝑃𝑦′0 = 𝑄𝑦′0 = 𝑅𝑦′0 = 𝑆𝑦′0 = 𝑦′0. 

Put 𝑥 = 𝑦0 and 𝑦 = 𝑦′0 in condition (3.2) then we get 

[1 + 𝛼 𝑑(𝑅𝑦0, 𝑆𝑦′0)]𝑑(𝑃𝑦0, 𝑄𝑦′0) ≤ 𝛼 max{𝑑(𝑄𝑦′0, 𝑆𝑦′0). 𝑑(𝑃𝑦0, 𝑅𝑦0),

   𝑑(𝑃𝑦0, 𝑆𝑦′0). 𝑑(𝑅𝑦0, 𝑄𝑦′0)}

+𝛽 max{𝑑(𝑅𝑦0, 𝑆𝑦′0), 𝑑(𝑆𝑦′0, Q𝑦′0)}

+
𝛾

2
[𝑑(𝑃𝑦0, 𝑆𝑦′0) + 𝑑(𝑃𝑦0, 𝑅𝑦0)]

 

[1 + 𝛼 𝑑(𝑦0, 𝑦′0)]𝑑(𝑦0, 𝑦′0) ≤ 𝛼 max{𝑑(𝑦′0, 𝑦′0). 𝑑(𝑦0, 𝑦0), 𝑑(𝑦0, 𝑦′0). 𝑑(𝑦0, 𝑦′0)}

+𝛽 max{𝑑(𝑦0, 𝑦′0), 𝑑(𝑦′0, 𝑦′0)}

+
𝛾

2
[𝑑(𝑦0, 𝑦′0) + 𝑑(𝑦0, 𝑦0)]

 

𝑑(𝑦0, 𝑦′0) + 𝛼 𝑑(𝑦0, 𝑦′0). 𝑑(𝑦0, 𝑦′0) ≤ 𝛼 𝑑(𝑦0, 𝑦′0). 𝑑(𝑦0, 𝑦′0) + 𝛽 𝑑(𝑦0, 𝑦′0) +
𝛾

2
𝑑(𝑦0, 𝑦′0) 

∴ [1 − (β +
𝛾

2
)] 𝑑(𝑦0, 𝑦′0) ≤ 0 

∴ 0 ≤ 𝑑(𝑦0, 𝑦′0) ≤ 0  ∵ 𝛽 +
𝛾

2
< 1 

∴ 𝑑(𝑦0, 𝑦′0) = 0 

∴ 𝑦0 = 𝑦′0 

Hence, the mappings 𝑃, 𝑄, 𝑅 and 𝑆 have a unique common fixed point 𝑦0 in 𝑋. 

Corollary 3.1:  Let 𝑃, 𝑄, 𝑅 and 𝑆 be the self maps of a complete b–metric space (𝑋, 𝑑) with                   𝑠 ≥ 1 

satisfying condition (3.1) and 

𝑑(𝑃𝑥, 𝑄𝑦) ≤ 𝛽 max {𝑑(𝑅𝑥, 𝑆𝑦), 𝑑(𝑆𝑦, 𝑄𝑦)} +
𝛾

2
[𝑑(𝑃𝑥, 𝑆𝑦) + 𝑑(𝑃𝑥, 𝑅𝑥)] 

 where, 0 < 𝛽 < 1 and 0 < 𝛾 < 1 are such that 𝛽 + 2𝛾𝑠 < 1. Suppose one of the mappings 𝑃, 𝑄, 𝑅 and 𝑆 is 

continuous. If the pairs (𝑃, 𝑅) and (𝑄, 𝑆) are weakly compatible then 𝑃, 𝑄, 𝑅 and 𝑆 have unique common fixed 

point in 𝑋. 
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4. DISCUSSION AND THE CONCLUDING REMARKS 

In this paper, we have proved the existence and uniqueness of common fixed points for two pairs of weakly 

compatible mappings in b–metric space. 
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