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ABSTRACT

An appropriate coloring of vertices and edges is a total coloring of H in which two nearby (or) incident
vertices and edges receive unique colors. y(H) defines the total chromatic number of H, which color
combination requires the fewest number of colors in (H). Match schedule, network task efficiency, and art
are all using total coloring [4]. For example, one might be attempting to color a graph to create something
visually appealing. When working with colored dots, a sculptor, painter (or) light show artist may
determine that keeping the same colors separated in a way that corresponds to appropriate coloring is
visually pleasant (or) fascinating. As a result, the graph appears to be quite beautiful.

The total coloring of comb graph (B;"), middle graph of comb graph M(P;), total graph of comb
graph T'(P;}), square graph of comb graph (B, ® K;)? and umbrella graph Uem,ny are all investigated in the
present study. We also compute the total chromatic number of the above graphs.

Keywords : Total coloring, total chromatic number, comb graph, middle, total, square graph of comb
graph and umbrella graph.

1. INTRODUCTION

All the graphs we're investigating are limited, directionless, and simple. Let H = (V(H), E(H)) be a
graph with V(H) is the vertex set and E(H) is the edge set. A function C: V(H) - {1,2,...,k} is an
appropriate k-coloring of graph H. For every p,q € E(H), such that c(p) # c(q). The chromatic number
x(H) represents the minimum of colors. The chromatic number is the lowest estimate k under which the
graph G is considered appropriate coloring. There are numerous types of appropriate coloring, including
star coloring, list coloring, harmonious coloring, total coloring, and so on. The total coloring of several

specific graphs is explored in this research.
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A total coloring of H is defined by the function ¢ : U — K, where U = V(H) U E(H) and K is a collection
of colors that satisfy the condition, Two neighboring (or) incidental vertices and edges receive unique
colors. The lowest number of colors required to color appropriately (H) is yr(H) and that is the total
chromatic number of H. since yr(H) = A(H)+1, where A(H) is the greatest degree of H, is obvious. If a
graph H can be appropriately colored with A(H)+1 colors, it is categorized as type-1, and if it can be
appropriately colored with A(H)+2 colors, it is classified as type-Il. In 1965, Behzad [1] and vizing [3]
created the concept of total coloring. They've also suggested the concept that every simple graph H has
A(H)+1 < yr(H) < A(H)+2. The Total Coloring Conjecture (TCC) is the name given to this concept. For
any graph H with the greatest degree of 3, M.Rosenfeld [8] proved the TCC. A.V. Kostochka [9] was able
to achieve the total coloring of a multigraph with the greatest degree of four. G.Jayaraman and
D.Muthuramakrishnan [11] determined the overall chromatic number of double star graph groups. O.V

Borodin [16] demonstrated the TCC for planar graphs with the greatest degree of > 9.

The primary goal of this work is to determine the total coloring of the comb graph, the middle graph of the
comb graph, the total graph of the comb graph, the square graph of the comb graph, and the umbrella
graph. An above graph is also divided into Type-I and Type-II.

2. PREMILINARIES

Definition 2.1 : The comb graph is represented by P, © K;. The B, is a path graph with (n-1) edges and n
vertices. The graph is constructed by connecting each vertex in the path with a pendant edge. There are 2n

vertices and 2n-1 edges in the comb graph. It's mentioned by (comb n).

Definition 2.2 [12] : The M(H) denotes the middle graph of H. M(H) has a vertex set of VV(H) E(H). In

M(H), two vertices u4, u, in the vertex set are nearby if one of the following conditions is true :

e InH, u, andu, are adjacent, and u,,u, € E(H).

e InH, u; and u, areincident,and u, € V(H), u, € E(H).

Definition 2.3 [12] : The T(H) represented by the total graph of H. T(H) has the vertex set V(H) U E(H).
If one of the following conditions applies, two vertices in the vertex set of T(H) are neighboring in T(H):

e uy,u, €V(H) and InH, u, isadjacentto u,
e u,,u, €E(H) and u,, u, in H are adjacent.

e InH, u; € V(H), u, € E(H), u; and u, are incident.
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Definition 2.4 : The graph H? = (V, E?) is the square of the graph H = (V,E). A comb graph's square is a
square comb graph. which is denotes the P,®KZ(or) (Comb n)?. The vertex set and edge set of a square

graph of comb graph are given by,
V={y;Uuy;: 1<i<n}
E :{Uiui: 1< isn}U{UiUH_Z:lS iSn-Z}U{vile V) UiVit1 V) 'UiuH_l:lS |S n'l}

The B,®OK? contains 2n vertices and 5(n-1) edges.

Definition 2.5 : An umbrella U, ) is the graph formed by combining the centre vertex of a fan graph F,

to a path graph B,. There are m+n vertices and 2m+n-2 edges in the U, ) graph.
Theorem 2.6 [10] : Let T;,be the twig graph. Then the total chromatic number of twig graph is A(T,,) + 1.

Theorem 2.7 [10] : The splitting graph of a comb graph is S'(B;"). Then the total chromatic number is
A(S'(PY)) + 1.

Theorem 2.8 [14] : Let F; be the flower graph. Then it's total chromatic number is, y-(F;) = 2n+1, k

> 4.

Theorem 2.9 [17] : Let G, be the gear graph. Then it's total chromatic number is, x;(G,) = 2n+1, for n

>3.
Theorem 2.10 [17] : Let S,, be the sunlet graph. Then it's total chromatic number.is n+2,

x7(Sy) =n+2, for > 3.

3. Results and Discussion
Total coloring of comb related graphs:
Theorem 3.1. Let the comb graph be P, then the total chromatic number is
A(B) +1, forn>3.
Proof. Now consider the comb graph's vertex and edge sets as follows:
V(Bf)={v,u;:1<i<n} and

EBH ={viu;: 1< i <n}U{vvjq:1<i<n-—1}

The total coloring of the comb graph is formed. Define a total coloring ¢ :U - K, where U
=V(P)u E(P))and K = {1,2,3,4} is the collection of colors . Let A be the collection of odd numbers
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and B be the collection of even numbers. The following is the total coloring assignment for these vertices

and edges:
¢ (wu)=4, forl<i<n

(1, ifi €A ,
qb(vi)—{Z’ ifi €B for 1< i <n

(2, ifi€A _
¢ (viu;) = {1, ifi €B forl<i<n

3,ifi €A ]
¢(vivi+1):{4, i]]:i € B for1<i<n-1

The comb graph B;, is obviously total coloredA ( P;}) +1 with colors. As aresult, y(Bf)=A(B) +

1, for n > 3is calculated, is the total chromatic number of the comb graph.

[llustration 3.1.1: Total coloring of comb graph PZ as shown in Fig 1.

Vi V2 V3 Va Ve 3 Vs
3 4 3 4 5
l. 20 10 >F 1-— 2‘
2 1 2 1 2 1
4 ed ed N ‘f‘ 1‘13
ul u:2 us3 n: s 6

Fig 1. Total coloring of comb graph P

Theorem 3.2. Let the middle graph of comb graph be M (B;), then for any n >3. Then the total chromatic
number is A(M(B;")) + 1.

Proof. Now we construct the V(M (P,;)) and E(M (B;")) as follows:

VIMB)) ={vpu, up<i<nju{v:1<i<n-1}

E(M(PH)={viw/ w'ui:l < i <n} U {vw], v,/ vy, vi'vi1, viug, viug,: 1 < 0 <n-1}

AM(B)) =6

Define a total coloring ¢ : U — K is then constructed, with U= V(M (B;)) U (E(M(P,;)) and K =
{1,2,3,4,5,6,7} is the collection of colors. Let A be the collection of odd numbers and B be the collection

of even numbers.
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The following is the total coloring assignment for these vertices and edges:

For 1<i<n

(4 ifi€A
¢(”i)‘{3. ifi €B

¢ =6, ¢ u)=2, ¢(ujuy) =1, p(v;u;) =5,

Foril<i<n-1

5’ i po
¢(v{v,i+1) :) = {6 llffll E%

Ppviv;) =1, ¢ viy1) =2, ¢v)=7,

Cb(vl Viy1) = 2, ¢(vzu{) =3, ¢(U£u£+1) =4,

As can be seen, the graph M(B;") is suitably completely colored using the colors A(M(B;)) + 1. Finally,
the total chromatic number of middle graph of the comb graph is,

xr(M(P)) = AM(P;}))+1, forn > 3.

[llustration 3.2.1 : Total coloring of middle graph of comb graph M (P5")as shown in Fig 2.
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Fig 2. Total coloring of middle graph of comb graph M (P5)
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Theorem 3.3. The square graph of the comb graph is B,©KZ . For n > 3, the total chromatic number is
A(P,OK}) + 1.

Proof. Now we construct the V(P,®K2) and E(P,OK?{) as follows:

V(Ppky)? = {v,u;, v,v:1<i<n} and

E(Pyok,)? = {vou;,viupl <i<n}u{ viviﬂ,vi'v,i“: 1<i<n=-2}u
{ v}, v Vi, vl g v U W, v 1 S T < D=1}

A(P,OK?) =7

Define a total coloring ¢ : U —K, is then constructed, with U =V ( P,OK?) U (P,OK2) and K =
{1,2,3,4,5,6,7,8} is the collection of colors. Let A be the collection of odd numbers and B be the

collection of even numbers.
The following is the total coloring assignment for these vertices and edges:
For 1<i<n
dpw) =1, p(v) =2, dw') =4,
¢ w)=3, p(ru)=2, o(wu')=1,
Forl1<i<n-1
d(viv;) = 3, dWivi) =4, ) =7,
¢ (w;v;) =8, dWiu) =7, P vieq) =8,

For1<i<n-2

(5, ifi€A
¢(vivi+1)_ {6 lfl € B

' 5 ifi €A
¢(vivi+1) = {6 lffl € B

The total coloring of P,®K? is clearly total colored with A(P,®K2) + 1 colors.
As aresult, forn > 3, the total chromatic number of square graph of the comb graph is,
XT(PnQKlz) = A(PnQKlz) +1.

[llustration 3.3.1: Total coloring of square graph of comb graph (B,®K?) as shown in Fig 3.
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Fig 3. Total coloring of square graph of comb graph (P; Ok,)?

Theorem 3.4. The total graph of the comb graph is T (B,f). For n >3 the total chromatic number is,

xr(T(B)) = A(T(P)) + 2.
Proof. We now construct the V(T (B;)) and E(T(B;)) as follows:

V(T(PH)) = {vyu;, wp1<i<n}Uu{v:1<i<n-1} and

E(T(Pn+)) ={vu, ui’ui,viui 1<i<n} U
! ! 17 ro ror i _
{vivi, Vi'Vig1, ViV, vV i, ViU Vil 1S T < n=13

AT(P) = 6

Define a total coloring function ¢ : U — K, is then constructed, with

U=V(T(B))V E(T(R)) and K={1,2,3,..., A(H)+1} be the collection of colors.

Consider the graph T(P5) .
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Fig 4. Total coloring of total graph of the comb graph T (B;}")

The vertices and edges given in fig 4, assigned with available color in set K. 3 more edges namely v;u;,
v,U,, Vzusneed to be colored. Due to proper color condition they need one more color to make the color
proper. So T(P5) graph need A + 2 colors.

Let A be the collection of odd numbers and B be the collection of even numbers.

The following is the total coloring assignment for these vertices and edges:

For 1<i<n,

) =1, ¢(ww,)=7, pujw) =2, P(viuy) =8,

(4 ifi € A
‘p(”i)‘{& if i € B

(3, ifi € A
¢ (ui) ‘{4, if i € B

Forl<i<n-1,

PwN=7, dw) =1, dWivis) = 2, d(viu) =3, (viujy,) =4

(5,if i €A
¢(vivi+1)_{6’ lf i €B

., . _(5,ifi€A
¢(vivi+1)_ {6, if i €B

IJCRT2205834 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | h173


http://www.ijcrt.org/

www.ijcrt.org © 2022 IJCRT | Volume 10, Issue 5 May 2022 | ISSN: 2320-2882

It is the proper total coloring of T (P;) with A(T(B;")) colors. As a result, the total chromatic number of

total graph of the comb graph is,
xr(T(BH)) = A(T(PF)) + 2, for n> 3.

[llustration 3.4.1 : Total coloring of total graph of the comb graph T (P5") as shown in Fig 5.

Fig 5. Total coloring of total graph of the comb graph T(P5")

Total coloring of umbrella graph:

Theorem 3.5. The umbrella graph is U, ). For m = n, the total chromatic number is, y7(Un,n))= m+2.
Proof. The V(Uunn)) and E (Ugy ) are now constructed as regards :

V(Unn) = {upv:1<i<m&1<j<n}and

E(Umpn) = {uitlis1,0jvj41 1S i<m—1&1<j<n—-1} U{vy:1<i<m}.

There are m+n vertices and 2m+n-2 edges in the umbrella graph. The total coloring ¢ : U — K , is then

constructed, with U =V (U n)) U E(Ugnyny) and K ={1,2,3,...,m+2} being a collection of colors.
The following is the total coloring assignment for these vertices and edges:

¢ @w) =1, forl<i<m

¢(w)=m+i, fori=1

pwj)=j,for 2<j<n

¢ (ujup,)=i1+2, forl<i<m-1,
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¢ (vju;))=m, fori=1
¢ (viu)=j-i, fori=1&2 <j<m

¢ (viviz,)) =m+2, fori=1
p(wvj)=j+1,for2<i<nand 3<j<n

The graph Uy ) is accurately total colored with m+2 colors because the above total coloring rule is

evident.
As aresult, the umbrella graph U, ,y0f the total chromatic number is,

Xr(Uann))=m+2, for m = n.

[llustration 3.5.1: Consider the Umbrella graph (Us3) as shown in Fig 6.

34V3

Fig 6. Total coloring of the umbrella graph (Us 3)

4.CONCLUSION
In this paper, we show that P;, M(P;") and (P,®OKZ) are Type-1 and T(P;) is Type-Il, respectively, and

the total chromatic number of U, ,y is m+2.
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