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Abstract 

in this paper, I search of the properties of normal fuzzy subgroup. We also introduced the notation of characteristic fuzzy 

subgroup and some result of homomorphism of subgroup. Then we prove that characteristic fuzzy subgroup is also 

normal fuzzy subgroup. The characteristic of fuzzy subgroup [13] was first introduced by P. Bhattacharya and 

N.P. Mukharjee in 1986. 
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1. Introduction 

The concept of fuzzy sets was introduced by L.A.Zadeh [15] in 1965.Study of algebraic               

structure was first introduced by A. Rosenfeld [1]. After that a series of researches have done in this 

direction P. Bhattacharya and N.P. Mukharjee [13] have defined fuzzy normal subgroup and 

characteristic fuzzy subgroup in 1986. In this paper we have tried to established some independent 

proof about the properties of fuzzy normal subgroup and characteristic fuzzy subgroup. 

2. Preliminaries 

In this section, we  study some concepts associated with fuzzy sets and fuzzy group, normal fuzzy 

subgroup and characteristic fuzzy subgroup. In this section, we recall some basic definitions and results 

which will be used in the Fuzzy Inf. Eng. (2012) 

2.1 Fuzzy Set 

Over the past three decades, a number of definitions of a fuzzy set and fuzzy group have appeared in 

the literature (cf., e.g., [15, 1, 3, 7, 10]). In [15], it has been shown that some of these are equivalent. 

We begin with the following basic concepts of fuzzy set, fuzzy point and fuzzy group. 

Definition 2.1 [15] fuzzy power set. A fuzzy subset of 𝐷1 be a function ʄ1 : 𝐷1the set of all fuzzy 

subset of 𝐷1 is sad to be fuzzy power set of 𝐷1 and designate by  𝑃1(𝐷1). 

Definition 2.2 [15] Support of fuzzy set. Suppose  𝐴1 𝐹1 𝑃1(𝐷1) then the set { 𝐴1 (𝑑1) : 𝑑1 𝐷1} is said 

to be the image of 𝐴1 is designate by 𝐴1 (𝐷1). The set {𝑑1 : 𝑑1 𝐷1 , 𝐴1 (𝑑1) > 0} is said to be the support of 

𝐴1 is designate by 𝐴1*. 
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Definition 2.3 [15] Let 𝐴1, 𝐶1 𝐹1 𝑃1(𝐷1) such that 𝐴1 (𝑑1) < 𝐶1 (𝑑1),  𝑑1 𝐷1  then 𝐴1 is said 

to be contained in 𝐶1 and it is designate by  𝐴1  𝐶1 

Definition 2.4 [15] Let 𝐵1  𝐴1 and 𝑑1 [0 ,1] we defined 𝑑1𝐵1
 𝐹1 𝑃1(𝐷1) as 

                                                    𝑑1𝐶1
  (a) = {

 𝑑1, 𝑓𝑜𝑟 𝑎1 ∊ 𝐵1

0, 𝑓𝑜𝑟 𝑎1 ∊ 𝐴1
 

 If 𝐵1 is a singleton {𝑏1} then 𝐷{𝑏1} is called a fuzzy point.  

For any collection   {𝐴𝑖1
, 𝑖1  𝐼1} of fuzzy  subset of 𝐷1, where 𝐼1 is an index set the least upper bound 

(L.U.B.) ⋃𝑖1 ∊ 𝐼1 𝐴𝑖1
 and greatest lower bound (G.L.B) ⋂𝑖1 ∊ 𝐼1 𝐴𝑖1

  of 𝐴𝑖1
 are given by 

                             (⋃𝑖1 ∊ 𝐼1 𝐴𝑖1
)  (𝑑1) = ∨𝑖1 ∊ 𝐼1

𝐴𝑖1
 (𝑑1),  𝑑1 𝐷1.  

                           (⋂𝑖1 ∊ 𝐼1 𝐴𝑖1
) (𝑑1) = ∧ 𝑖1∈𝐼1

 𝐴𝑖1
 (𝑑1),    𝑑1 𝐷1

3. NORMAL FUZZY SUBGROUP [18, 19, 20] 

In this section we study of normal fuzzy subgroup and established some independent proof. 

Proposition 3.1: Let A1  ∈  F1P1 (G1) then the succeeding statements are equivalent. 

i. A1 (𝑑1𝑐1) = A1 (𝑐1𝑑1),       ∀ 𝑑1,  𝑐1 ∈ G1 

ii. A1(𝑑1𝑐1𝑑1
−1) = A1 (𝑐1),    ∀ 𝑑1,  𝑐1 ∈ G1 

iii. A1(𝑑1𝑐1𝑑1
−1) ≥ A1 (𝑐1),   ∀ 𝑑1,  𝑐1 ∈ G1 

iv. A1(𝑑1𝑐1𝑑1
−1) ≤ A1 (𝑐1),   ∀ 𝑑1,  𝑐1 ∈ G1 

v. A1 o B1 = B1 o A1,  ∀ B1 ∈ F1P1(G1) 

Proof: (i) ⇒ (ii)   if A1 (𝑑1𝑐1) = A1 (𝑐1𝑑1),                         ∀ 𝑑1,  𝑐1 ∈ G1 

Then,  A1(𝑑1𝑐1𝑑1
−1) = A1(𝑐1𝑑1𝑑1

−1) = A1 (𝑐1),              ∀ 𝑑1,  𝑐1 ∈ G1 

(ii) ⇒ (iii)  A1(𝑑1𝑐1𝑑1
−1) ≥ A1 (𝑐1) obviously                                                                                               

(iii) ⇒ (iv) A1(𝑑1𝑐1𝑑1
−1) ≤ A1 (𝑑1

−1𝑑1𝑐1𝑑1
−1(𝑑1

−1)
−1

) = A1𝑐1, ∀ 𝑑1 , 𝑐1 ∈ G1 

(iv) ⇒ (i)           A1 (𝑑1𝑐1) = A1 (𝑑1𝑐1𝑑1𝑑1
−1) 

      = A1(𝑑1(𝑐1𝑑1)𝑑1
−1) 

      ≤ A1 (𝑐1𝑑1)                                                                                                              

      = A1 (𝑐1𝑑1𝑐1𝑐1
−1)         

      = A1 (𝑐1 (𝑑1𝑐1)𝑐1
−1) 

      ≤ A1 (𝑑1𝑐1)                                                                                                                     

Finally,             A1 (𝑑1𝑐1) = A1 (𝑐1𝑑1)                                                                                                                                    

(i) ⇒ (v)  Let  𝑑1∈ G1 then                                                                                                                                     
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                  (A1 o B1) (𝑑1) = ∨𝑐1 ∈ G1
 {A1 ( 𝑑1𝑐1

−1) ∧ B1(𝑐1)}                                                                                                    

                                          = ∨𝑐1 ∈ G1
 {B1(𝑐1

−1𝑑1) ∧ B1(𝑐1)} 

                                          = (B1 o A1) (𝑐1),         ∀ 𝑑1∊ G1 

Finally,             (A1 o B1) = (B1 o A1)                                                                                                                  

 (v) ⇒ (i) We have                                                                                                                               

                  1( 𝑐1
−1) o A1 = A1 o 1 (𝑐1

−1),                            ∀ 𝑐1 ,𝑑1 ∈ G1 

Thus (1(𝑐1
−1) o A1) (𝑑1) = (A1 o (𝑐1

−1))(𝑑1),                   ∀ 𝑑1, 𝑐1 ∈ G1 

Hence               A1(𝑑1𝑐1) = A1 (𝑐1𝑑1),                                     ∀ 𝑑1, 𝑐1 ∈ G1 

Proposition 3.2: Suppose A1 ∈ F1 (G1). Then A1∗
,  A1

∗
 are normal subgroup of G1.  

Proof:  Since we know   

  A1∗
= {𝑑1 ∈  G1 : A1 (𝑑1) = A1 (e)}                  

And                         A1
∗ = {𝑑1 ∈  G1 : A1 (𝑑1) > 0} 

Since A1 ∈ F1 (G1), it follows form the use of lemma that A1∗
, A1

∗
are subgroup of G1. 

Occupancy 𝑑1  ∈ G1, and 𝑐1 ∈ A1∗
 

SinceA1 is satisfy the condition  

 A1(𝑑1𝑐1𝑑1
−1) = A1 (𝑐1) = A1 (e)  

Hence,                     (𝑑1𝑐1𝑑1
−1)  ∈ A1∗

 

Hence,                     (𝑑1𝑐1𝑑1
−1)  ∈ A1∗

 

Also let 𝑑1 ∈ G1 and 𝑐1 ∈ A1
∗  

⇒  A1(𝑐1) > 0. 

Since A1 satisfy the condition A1(𝑑1𝑐1𝑑1
−1) ≥ A1 (𝑐1) > 0  

Implies that (𝑑1𝑐1𝑑1
−1) ∈ A1

∗
 

Therefore, A1
∗
is a normal subgroup of G1. 

Proposition 3.3: Suppose A1 ∈ F1 (G1), let 𝑁1 (A1) = {𝑑1: 𝑑1 ∈ G1,  A1(𝑑1𝑐1) = A1 (𝑐1𝑑1) ∀ 𝑐1 ∈  G1} 

Formerly 𝑁1 (A1)  be a subgroup of G1 and the limit of A1 to 𝑁1 (A1), A1 | 𝑁1 (A1) is a normal fuzzy  subgroup 

of 𝑁1 (A1) 

proof : Suppose  𝑑1, 𝑐1 ∈ 𝑁1(A1), e ∈ 𝑁1 (A1)  

For any 𝑡1 ∈ G1, we have 

A1 (𝑑1𝑐1
−1𝑡1) = A1(𝑑1𝑐1

−1𝑡1) 

    = A1(𝑐1
−1𝑡1𝑑1) 

    = A1(𝑐1
−1𝑡1𝑑1)−1 ∴      A1 (𝑑1) = A1 (𝑑1

−1) 

    = A1(𝑑1
−1𝑡1

−1𝑐1) as A1 ∈ F1 (G1) 
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    = A1(𝑐1 ( 𝑡1𝑑1)−1) 

    = A1(𝑐1(𝑡1𝑑1)−1)−1 

    = A1  (𝑡1𝑑1𝑐1
−1) 

 ⇒                                 𝑑1 𝑐1
−1∊ 𝑁1 (A1)   

Later 𝑁1 (A1) is a subgroup of  G1,  

Since, A1 ∈ F1 (G1) 

Then  A1 | G2 ∈ F1 (G2) 

Hereafter  A1 | 𝑁1 (A1)  ∈ F1 (𝑁1 (A1))  

And  A1|𝑁1(A1) (𝑑1 𝑐1 ) = A1𝑁1 (A1) (𝑐1 𝑑1 ),  ∀ 𝑐1, 𝑑1 ∈ 𝑁1 (A1)  

Therefore  A1 | 𝑁1 (A1)  ∈ 𝑁1F1 (𝑁1 (A1)) 

4. Characteristic fuzzy subgroup [13] 

In this section the study of characteristic fuzzy subgroup and normal fuzzy subgroup. We also extend use of 

normal fuzzy subgroup to characteristic fuzzy subgroup and some independent proof. 

DEFINITION 4.1:  Let A1 be a fuzzy subgroup of G1 and ϕ be a function from G1 into itself. Now define 

the fuzzy subset A1
ϕ

 of G1 by A1
ϕ(d1) =  A1 (d1

ϕ), where d1
ϕ =  ϕ(d1) A1 subgroup K of group G1 is 

called a characteristic subgroup if  Kϕ = K for every automorphism ϕ of G1, where Kϕdenote ϕ(k).                                                                                                                    

Definition 4.2 Characteristic fuzzy subgroup: A fuzzy subgroup A1 on a group K is called a 

fuzzy characteristic subgroup of G1 if  A1
ϕ(𝑑1 ) =  A1(𝑑1 ) for every automorphism ϕ of G1  and 

for all 𝑑1 ∈ G1 

Proposition 4.3 : Let A1 is a fuzzy  subgroup of a group G1 if                                                                                                                                                     

 a.         If ϕ is a homomorphism of G1 into itself, then A1
ϕ

 is a fuzzy subgroup of  G1 

 b.        If A1 is a fuzzy characteristic subgroup of G1 then A1 is a normal.           

PROOF (i) 𝑑1, 𝑐1 ∈ G1 then                                                                                                                          

                          A1
ϕ(𝑑1  𝑐1 ) =  A1 (𝑑1  𝑐1 )

ϕ                                                                                                                                         

                                               =  A1 (𝑑1 
ϕ𝑐1 

ϕ)                                                                                                                                        

Subsequently ϕ is a homomorphism and A1 is a fuzzy  subgroup of G1.                                                       

                        A1 (𝑑1 
ϕ𝑐1 

ϕ)  ≥ A1 (𝑑1 
ϕ) ∧ A1 (𝑐1 

ϕ)                                                                                                          

                           A1
ϕ(𝑑1  𝑐1 ) =  A1

ϕ(𝑑1 ) ∧ A1
ϕ(𝑐1 )                                                                                                              

Also,                     A1
ϕ(𝑑1 

−1) =  A1(𝑑1 
−1)

ϕ
                                                                                                                 

                                               =  A1(𝑑1 
ϕ)

−1
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                                                     =  A1(𝑑1 
ϕ)                                                                                                                                                 

                                                     = A1
ϕ(𝑑1 )                                                                                                      

Hence,                    A1
ϕ

 is a fuzzy  subgroup of G1.                                                                          (ii)   Let 𝑑1 , 

𝑐1  ∈ G1 to prove that A1 is normal we have to show                                                   

                      A1 (𝑑1  𝑐1 ) = A1 (𝑐1  𝑑1 )                                                                                                                                

Let ϕ be function from G1 into itself definition by                                                                               ϕ(z) =

𝑑1 
−1 z 𝑑1   ,    ∀   z ∈ G1                                                                                         Since A1 is a fuzzy  

characteristic subgroup of G1,                                                                              

                                       ∴ A1
ϕ = A1                                                                                                

                  Thus     A1 (𝑑1  𝑐1 ) = A1
ϕ(𝑑1  𝑐1 )                                                                                            

                                                 = A1 (𝑑1  𝑐1 )
ϕ                                                                                                     

                                                 = A1 (ϕ (𝑑1  𝑐1 ))                                                                                                       

                                                 = A1 (𝑑1 
−1(𝑑1  𝑐1 )𝑑1 )                                                                                          

                                                 = A1 (𝑐1   𝑑1 )                                                                                               

Hence A1 is normal subgroup of G1.     

Proposition 4.4: Suppose A1 be a fuzzy normal subgroup of G1 and Let 𝜙 be a homomorphism of G1 into 

itself then 𝜙 indues a homomorphism �̅� of G1/A1 into itself defined by                   

                             �̅�(𝑑1A1) =  𝜙(𝑑1)A1 , 𝑑1∈G1 

Proof : Suppose   𝑑1, 𝑐1 ∈ G1, we have                                                                                                                                     

                  𝑑1A1 = 𝑐1A1 

            𝜙 (𝑑1) A1 = 𝜙 (𝑐1) A1                                                                                                                               

Since,                                                                                                                                                                                        

                  𝑑1A1 = 𝑐1A1                                                                                                             

   We have, 

            𝑑1A1 (𝑑1) = 𝑐1A1 (𝑑1)                                                                                                                                  

⇒                A1 (e) = A1 (𝑐1
−1𝑑1) 

Also,             𝑑1A1 (𝑐1) = 𝑐1A1 (𝑐1)  

 ⇒ A1 (𝑑1
−1𝑐1) = A1 (e)                                                                                                                 ⇒ A1 

(𝑐1
−1𝑑1) = A1 (𝑑1

−1𝑐1) = A1 (e)                                                                                  
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 ⇒ (𝑐1
−1𝑑1), (𝑑1

−1𝑐1)  ∈ A1∗
          where A1∗

= {𝑑1 ∈ 𝐺1: A1 
(𝑑1) = 𝐴1(𝑒)} 

Since we have, 

 𝜙 ( A1∗
) = A1∗

 

𝜙 (𝑐1
−1𝑑1) and 𝜙 (𝑑1

−1𝑐1) also belongs to A1∗
 

⇒ A1 (𝜙 (𝑐1
−1𝑑1)) = A1 (𝜙 (𝑑1

−1𝑐1)) = A1 (e) 

 Let g1 ∈ G1 formerly 

                      𝜙 (𝑑1)A1(g1) = A1 (𝜙 (𝑑1
−1)g1) 

                                                 = A1 (𝜙 (𝑑1
−1) 𝜙 (𝑐1) 𝜙(𝑑1

−1)g1) 

                                                 ≥ A1 (𝜙 (𝑑1
−1) 𝜙 (𝑐1)  ∧  A1(𝜙(𝑑1

−1)g1) 

           = A1 (𝜙(𝑑1
−1𝑑1)) ∧ 𝜙 (𝑑1) A1(g1) 

           = A1 (e) ∧ 𝜙 (𝑐1) ∧ A1(g1) 

            = 𝜙 (𝑐1) A1(g1) 

Hence,             (𝑑1)A1(g1) ≥ 𝜙 (𝑐1)A1(g1) ---------------- (i)  

Similarly,   

                        (𝑑1) A1(g1) ≤ 𝜙 (𝑐1) A1(g1)----------------(ii) 

Since g1 ∈ G1 is arbitrary 

Finally,                    𝜙 (𝑑1)A1 =  𝜙 (𝑐1)A1 

Therefore, we find that ϕ̅ is well defined now we have only to show that  ϕ̅ is a 

homomorphism.  

Let 𝑑1, 𝑐1  ∈ G1. 

Later 𝜙 is a homomorphism 

                                    𝜙 (𝑑1𝑐1) =  𝜙(𝑑1) 𝜙(𝑐1). 

                              𝜙 (𝑑1𝑐1) A1 =  𝜙 (𝑑1) 𝜙(𝑐1)A1 

        ⇒  ϕ ̅(𝑑1𝑐1A1)  =  ϕ (𝑑1) A o ϕ (𝑐1)A1 

       ϕ̅(𝑑1A1 o 𝑐1A1) =  ϕ ̅(𝑑1𝑐1) o ϕ̅ (c1𝑑1) 

Finally,                    ϕ̅ is a homomorphism. 

Proposition 4.5: If A1, C1 are fuzzy characteristic subgroup of G1 then A1 and C1 are normal to show 

 (A1 ∩ C1) & (A1 ∪ C1) is too normal.                                                                                                       

Proof:   Suppose  𝑑1, 𝑐1 ∈  F1(G1)to prove that (A1 ∩ C1) is a normal fuzzy subgroup of G1 it is necessary 

to show 

         (A1 ∩ C1)(𝑑1 𝑐1 ) =  (A1 ∩ C1)(𝑐1 𝑑1 ) 
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Let ϕ be the function of group G1 into itself defined by               

                                                   ϕ (z) =  𝑑1 
−1 z 𝑑1    ∀  𝑑1 ∈ G1                                                                                                                                      

Since A1 and C1 are fuzzy characteristic subgroup of G1, hence be normal as we prove         

(A1 ∩ C1)ϕ = (A1 ∩ C1) 

      (A1 ∩ C1)(𝑑1 𝑐1 )  =  (A1 ∩ C1)ϕ(𝑑1 𝑐1 ) 

=  (A1 ∩ C1 )(𝑑1 𝑐1 )
ϕ 

= (A1 ∩ C1)(𝑑1 
−1(𝑑1 𝑐1 )𝑑1 ) 

= (A1 ∩ C1) ((𝑑1 
−1𝑑1 ) (𝑐1 𝑑1 )) 

= (A1 ∩ C1)(𝑐1 𝑑1 ) 

Hence (A1 ∩ C1)  ∈ F1(G1) is normal.   

Similarly, 

                                                (A1 ∪ C1)ϕ = (A1 ∪ C1) 

(A1 ∪ C1)(𝑐1 𝑑1 ) = (A1 ∪ C1)ϕ(𝑐1 𝑑1 ) 

             =  (A1 ∪ C1 )(𝑐1 𝑑1 )
ϕ 

             = (A1 ∪ C1)(𝑑1 
−1(𝑐1 𝑑1 )𝑑1 ) 

             = (A1 ∪ C1) (𝑑1 
−1𝑑1 ) (𝑐1 𝑑1 )) 

                     = (A1 ∪ C1)(𝑐1 𝑑1 ) 

Hence (A1 ∪ C1)  ∈ F1(G1) is also normal. 
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