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Introduction

There have been a number of generalization of metric space, one such generalization is Menger Space
introduced in 1942 by Menger, who was used distribution function instead of non negative real numbers as
values of the metric. The concept of Fuzzy sets was introduced initially by Zadeh [1] in 1965. Since then,
to use this concept in topology and analysis, many authors have expansively developed the theory of fuzzy
sets and applications. In metric fixed point theory, various mathematicians weakened the notation of
compatibility by introducing the notation of weak commutatively, compatibility and weak compatibility
and produced the number of fixed point theorems using these notations. Recently, many mathematicians
formulated the definition of weakly computing , compatible and weakly compatible maps in instuitionistic

fuzzy metric spaces and prove a number of fixed point theorem in instuitionistic fuzzy metric spaces.

In this paper, we prove the common fixed point theorem for six maps under the condition of weak

compatibility and compatibility in instuitionistic Menger spaces.
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Preliminaries

Definition 2.1 A binary operation * : [0,1] X [0,1] — [0,1] is continuous t —norm if x is satisfying the following
condition:

(1) * is commutative and associative,

2) * is continuous,

3) ax1l=a forall a€[0,1]

(4) axb < cxd whenevera<candb <d, foralla,b,c,d € [0,1]

Examples of t — norm are a x b = min{a,b}and a x b = ab.
Definition 2.2 A binary operation V : [0,1] X [0,1] = [0,1] is continuous t — conorm if V is satisfying the
following condition:

(1) V is commutative and associative,

2) V is continuous,

3) aVl=a forall a€[0,1]

(4) aVb < cVd whenevera<candb <d,foralla,b,c,d € [0,1]

Examples of t — conorm are aV b = max{a,b}and a V b = min{1,a + b}.

Definition 2.3 A distribution function is a function F:[—oo, ] — [0,1] which is left continuous on R, non
decreasing and F (—») = 0, f () = 1.

We will denote by A the family of all distribution function on [—oo, ], H is a special element of A defined
by,

(0 if t<0
H®) ‘{1 if t>0

IfX is a nonempty set, F: X X X = A is called a probabilistic distance on X and F(x,y) is usually denoted
by Ey,, .

Definition 2.3 The ordered pair (X,F) is called the probabilistic metric space (shortly PM-space) if X isa
nonempty set and F is a probabilistic distance satisfy the following conditions: forall x,y,z € X andt,s > 0,

(1) ny(t)zl SX=Y,;

(2) ny(o) =0

(3) ny = Fyx

(4) E.,(t) =1, Fzy(S) =1= ny(s +t)=1

The order triple (X,F,x) is called Menger space if (X,F) isa PM-space, * is a t —norm and the following
condition is also satisfies: forall x,y,z € X andt,s > 0,

(5)  Ey(t+s) = E,(t) x Fy(s).
Definition 2.4 Let (X, F,*) be a Menger space and * be a continuous t — norm, then

(a) A sequence {x,} in X is said to be converges to a point x in X, iff for every € >0 and
A € (0,1) there exists an integer ny = ny(€,A) suchthat F, ,(e) >1— A4 forall n = n,.

(b) A sequence {x,} in X is said to be Cauchy sequence converges to a point x in X, iff for every
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€ >0 and A € (0,1) there exists an integer ny = ny(€, A) such that F, (€)>1—2 forall

n Xn+p

n = nygand p > 0.

(c) A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.5 Self map A and B of a Menger space (X, F,x) are said to be weakly compatible if they
commute at their coincidence points thatis if Ax = Bx for some x € X then ABx = BAx.

Definition 2.6 Self map A and B of a Menger space (X, F ) are said to be compatible if Fypy pax,(t) > 1

for all t > 0, whenever {x,} is sequence in X such that Ax,, Bx, — x forsomex € X as n — oo,

Definition 2.7 A 5- tuple (X, M, N,*, V) is said to be intuitionistic Menger space, if X is arbitrary set, * is a
continuous t —norm, V is a continuous t — conorm and M,N are PM-space on X X X X [0,00) satisfying the
following conditions:

(1) My, (t) + Nyy(t) < 1. Forallx,y € Xandt > 0,

(2) My, (0) =0forallx,y € X

(3) My, (t) = 1, forallx,y € X,and t > 0 if and only if x = y.
4) My, (t) = My (t) Forallx,y € Xandt >0

(5) My, (t)*M, ,(s) < M,,(t+s) Forallx,y € Xands,t>0
(6) Forallx,y € X, My, (") : [0,90) - [0,1] is left continuous.
(7) tlfyo My, (t) =1, forall x,y €X and t >0,

(8) Ny, (0) = 1, forallx,y € X,

(9) Nyy(t) = 0, forallx,y €X, forallx,y € X,and t > 0 if and only if x = y.
(10) Ny (t) = Ny, (t) Forallx,y € Xandt >0

(11) Nyy(t) V Ny ,(s) = Ny (t+s) forallx,y € Xands,t >0
(12) Forallx,y € X, Ny, () : [0,00) = [0,1] is Tight continuous.
(13) girglo Ny,(t) =0, forall x,y € X and t >0,

Then (M, N) is called intuionistic Menger space on X. The function M, (t) and Ny, (t) denote the degree of

nearness and degree of non nearness between x and y with respect to t.

Lemma 2.8 Let {x,,} be a sequence in a Menger space (X, F,x) with continuous t —norm * and t*xt > t.If
there exists a constant k € (0,1) such that,

Fxn,xn+1 (kt) = Fxn_l,xn (t)
forall t >0andn= 1,2,... then {x,} is a Cauchy sequence in X.
Main Result,

Theorem:3.1 Let A, B,S, T, P and Q be self mapping of an intuitionistic Menger space, X into itself,
with continuous, t —norm, * and continuous t — conorm V definedbytxt >tand (1-t)V(1—t) < (1 -
t) forallt € [0,1], satisfying the following condition:

(1)  PX) cSTX), QX) c AB(X),
2) There exists a constant k € (0,1) such that,

M}%x,Qy (kt) * [MABx,Px (kt)- MSTy,Qy (kt)] = [aMABx,Px(t) + .BMABx,STy(t)]MABx,Qy(Zkt)

forallx,y € Xandt > 0,where 0 < a, f <1 suchthat (a + ) =1 and
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ngx,Qy (kt) V [NABx,Px(kt)-NSTy,Qy(kt)] < [aNABx,Px(t) +.BNABx,STy(t)]NABx,Qy(Zkt)
forallx,y € Xandt > 0,where 0 < a, B <1 suchthat (a+p) = 1.

3) Ifone of P(X),ST(X), AB(X),Q(X) isa complete subspace of X then :
(a) P and AB have a coincidence point and

(b) Q and ST have a coincidence point.

4) AB =BA, ST =TS, PB = BP, QT = TQ,

(5) The pair {P,AB} and {Q,ST} are weakly compatible,

Then A,B,S,T,P,and T have unique common fixed point in X.
Proof: Let x, be an arbitrary point in X, then by (1) there exists x{,x, € X such that,
Pxqg = STx; =y, and Qx; = ABx, = yj;.

Inductively, we can construct sequence {x,}and {y,} in X such that, Px,, = STxy,11 = Yon and Qxyp41 =
ABXopio = Yops1 for n=0,1,2,... ..

On taking x = x,, and y = x,,44 In (2), we have
ngZnIQx2n+1 (kt) * [MAszn:szn(kt)' MSTx2n+1.Qx2n+1(kt)]

= [aMAszn,PxZn ®) + .BMABxZn,STxZn+1(t)]MABxZn,Qx2n+1(2kt)

And
ngxZn,QxZnH (kt) V [NABxZH,PxZn(kt)- Nstxy001,0%2ms1 (kt)]
< [aNagxy, Py (©) + Napiy sTrsmes (O INaBx 0200, (2KE)
M, i (RO * [My,,, oy, (kE). My, sy, ()]
> [aMy,, .y + BMyy 0 ,(O]My,, .y, (2KE)
And
N3 ryonss ROV [Ny (RE) Ny, ()]
< [Ny syon® + BNy (O Ny, 3y, (2KE)
M3, yomes RO * My, oy (RO My, O] 2 [a+ BIMy,, 0, (O-My,, sy, (2KE)
And
N3, yonss (KO V [NYZn—lryZn(kt)'N:VanyZn+1(kt)] < la+ BNy, 1350 (- Ny 3304, (2KE)
My yomss KO- [My,, 1y (O % My, (RO 2 (a4 BIMy,, 5, (0. My, s, (2K0)
And

N3’2n:)’2n+1 (kt) ' [Ny2n—1ﬂy2n (kt) 4 NYZn:YZnH(kt)] = [a + 'B]NYZn—LYZn (t) NYZn—er2n+1(2kt)
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MYZnJ’Zn+1(kt)'Myzn—1:y2n+1(2kt) = [a +ﬁ ]MYZn—LYZn(t)'My2n—1.y2n+1(2kt)
And
NJ’sz’zn+1(kt) 'Nyzn—1:y2n+1(2kt) S [a + 'B]NJ’zn—l'J’zn(t)' NJ’zn—1J’2n+1 (Zkt)
Man,J/zn+1 (kt) = MJ’zn—LYZn(t) and Nan,J/zn+1(kt) = NJ’zn—LJ’zn(t)
Similarly we can prove that,
M)’2n+1'3’2n+2 (kt) = M)’ZnJ/Zn+1 (t) and NY2n+1:y2n+2 (kt) = Ny2n;3’2n+1(t)
Fork € (0,1) and all t > 0. Thus by lemma 2.8, {y,} is a Cauchy sequence in X.

Now suppose AB(X) is a complete. Note that the subsequence {y,,.1} is contained in AB(X) and has a limit
in AB(X) call it ‘z’. letw € AB~1(z), then ABw = z. we shall use the fact that subsequence {y,,} also
converges to ‘z’.

By putting x = w abd y = Xy,41 in (2) and taking limit as n — o, we have
MR,z (kt) * [Mypuy (k). My, (kO] > [aMypy () + B, ,(O)]M,,(2kt)
And
Néwz (KO V [Ny py (k). Ny p (k)] < [aN, pu(8) + BN, (DN, (2kt)

Thus if follows that,

I\

Mz,Pw(kt) [aMz,Pw(t) + ﬁ] and NZ,PW(kt) < 0
Also

Mypw(kt) = L= = 1 and N, p,(kt) < 0

1-a

Hence z = Pw. since ABw = z, thus we have Pw = z = ABw that is w is coincidence point of P and ABw.
Since P(X) c ST(X), Pw = z implies that, z € ST(X). Let v € ST 'z then STv = z.

By putting x = X, and y = v in (2) and taking n - o we have,

MZ,, (kt) % [M,,(kt). M, g, (k)] = [aM,,(t) + BM,,(t)|M, g, (2kt)
And
NZ oy (kt) % [N, ,(kt). Ny ou (kt)] < [aN, () + BN, , ()| N, v (2k1)

Thus we have M,q,(kt) = 1 and N,q,(kt) < 0. Thus z = Quv, since STv = z, we have Qv = z = STv
that is v is coincidence point of Q and ST. this proves (b), the remaining two cases pertain essentially to
the previous cases. Indeed if P(x) or Q(x) is complete, then by (1), z € P(X) ¢ ST(X) or z€ Q(X) c
AB(X), thus (a) and (b) are completely established.

Since the pair (P, AB) is weakly compatible therefore P and AB commute at there coincidence point that is
P(ABw) = AB(P)w, that is Pz = ABz.

Since the pair (Q,ST) is weakly compatible therefore Q and ST commute at there coincidence point that is
Q(STv) = ST(Q)v, that is Qz = STz.
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By putting x = z, and y = xyp41In (2) and taking limit at n — oo, we have

Mlgz,z (kt) had [MABZ,PZ (kt)- Mz,z (kt)] = [aMABZ,PZ (t) + ﬁMABZ,Z (t)] MABZ,Z (Zkt)

And

N}gz,z (kt) * [NABz,Pz(kt)- Nz,z(kt)] = [aNABz,Pz(t) + BNABZ,Z (t)]NABz,z(Zkt)
Thus we have M, p,(kt) = 1 and N,p,(kt) < 0. Thus z=Pz. So Pz = ABz = z.

By putting x = X, , ¥y = z in(2) and taking limit at n —» oo we have M,q,(kt) = 1 and N,gq,(kt) <
0 thus, z= Qz, so Qz = STz = z.

By putting x = z, y = Tz in(2) and using (4) we have M,r,(kt) > 1 and N,r,(kt) < 0, thus z =
Tz. since STz = z therefore Sz = z. toprove Bz = z we put x = Bz, y =z in(2) and using (4) we
have Mg, ,(kt) > 1 and Ng,,(kt) < 0.Thus z= Bz since ABz = z, there fore Az = z. by combining the
above results we have

Az =Bz= Sz= Tz= Pz= (Qz =2z.
Thatis z is a common fixed pointof A,B,S,T,P,Q.
UNIQUENESS:-

Let ‘w’ is another fixed pointof A,B,S,T,P,Q different from z’ then Ontakingx = z and y =w in (2),
we have M,,,(kt) > 1 and N,,,(kt) < 0.Hence z= w for allx,y,€ X and t > 0. Therefore Z’ is the
unique common fixed pointof A,B,S,T,P,Q.

This complete the proof.
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