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Abstract: In this paper we obtain a common fixed point result for two self maps in a complete b-metric space which improve and
generalize the result established by Swati et. al.[8] (2016).
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|. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle [2] is a fundamental result in the fixed point theory, which has been extended in many different
ways. Also, there are several generalizations of usual metric spaces. One of the generalizations of metric spaces is b-metric spaces
introduced in 1989 by Bakhtin [1] and proved some fixed point theorems for some contractive mappings in b-metric spaces which are
also generalizations of Banach's contraction principle in metric spaces. After this, many authors presented papers on fixed point theory
on a single valued and multi valued operators in b-metric spaces [4, 5, 6, 7]. In the present paper we prove a fixed point theorem in
complete b-metric space for two self maps.

Definition 1.1 [1]. Let X be a non empty set, s >1 be a given real number and d: X x X —R. be a function. We say d is a b-metric on
X ifand only if for all x, y and z in X the following conditions are satisfied:

1. d(x,y)=0ifandonlyifx=y.

2. d(x,y)=d (v, x)

3. d(x,2) <s[d(x,y) +d(y, 2)]
A pair (X, d) is called a b-metric space. If s =1, b-metric reduces to usual metric.

Definition 1.2 [3] Let (X, d) be a b-metric space. Then a sequence {X}*n=1in X is called a Cauchy sequence if and only if for all € > 0
there exist n(g) € N such that for each n, m > n(e) we have d(xn, Xm) < €.

Definition 1.3 [3] Let (X, d) be a b-metric space. Then a sequence {x}*n=1 in X is called a convergent sequence if and only if there
exists X € X such that foralln € N and n > n(e) we have d(xn, Xm) < €, then we write limx,, = x.

n—oo
Definition 1.4 [3] The b-metric is complete if every Cauchy sequence is convergent.

Il MAIN RESULT

Theorem 2.1. Let (X, d) be a complete b-metric space and let S,T: X—X be two self mappings such that
d(Sx, Ty) < h max{d(x, y), d(x, Sx), d(y, Ty), d(x,Ty), d(y, Sx)} 1)
with 0 < h < 1then Sand T have unique common fixed point.
Proof :- Let xo € X and {x}*n=1be a sequence in X such that
Xon+1 =SXon and Xon+2 =T Xon+1 (2)
forn=0,1,2,..
d(Xan+1, Xan+2) = d(SXan, TXon+1)
<h max{d(xzn, X2n+1), d(X2n ) SXZn), d(X2n+1, T X2n+1), d(in T X2n+1), d(X2n+1, S in)}
< h max{d(Xzn, Xzn+1), d(Xzn , Xon+1), d(Xan+1, Xan+2), d(Xan , Xon+2), d(Xon+1, Xon+1)}
<h maX{d(XZn, X2n+1), d(X2n+l, X2n+2), d(XZn ,X2n+2)}
Case 1: If max{d(Xzn , Xan+1), d(Xan+1, Xon+2), A(Xan X2n+2)} = d(X2n, X2n+1) then
d(Xzn+1, X2n+2) < hs d(Xan , Xon+1).
Similarly, d(Xz2n, X2n+1) < hs d(Xan.1, Xan).
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Continuing the process, we get d(Xan+1, Xan+2) < (hS)?™! d( Xo, X1).

Case 2: If max{d(Xan, X2n+1), d(X2n+1, Xon+2), d(Xzn, X2n+2) 3 = d(X2n, X2n+2) then
d(X2n+l, X2n+2) <hs d(XZn ) X2n+2)
< hS[ d(XZn , X2n+1) + d(X2n+1, X2n+2)]

hs
< m d(XZn ) X2n+1)
d(Xan+1, Xans2) < K d(Xan, Xon+1) , Where k = _1}_‘;5 <1.
Continuing this process, we get d(xan1, Xan+2) < k2™ d(Xo, X1).

Case 3: If max{d(Xan, X2n+1) , d(X2n+1, X2n+2), d(Xan, Xon+2) } = d(Xan+1, Xans2) then
d(X2n+l, X2n+2) < hS[ d(XZn ) X2n+l) + d(x2n+1, X2n+2)]
Thus Sand T are contractive mappings.

Now we show that {x,} is Cauchy sequence in X. Letm,ne N, m >n
d(Xn, Xm) < S[d(Xn , Xn+1) + d(Xn+1, Xm)]
< [ d(Xn, Xn+1) ] + S2 [d(Xn+1, Xns2) + A(Xns2, Xm)]
< s (hs)" [d(Xo, X1) ]+ s?(hs)™ [ d(Xo, X1) ]+ ...
< s (hs)" [d(xo, X1) ][1+ s?h+ (s?h)? + ...+(s?h)™-D)]

A0, Xm) < 5 (hs)™ [ 2221 (%o, x0)

1-s2h
] d(Xo " X1) =0

—(<c2pym—n
Then, as m, n—, lim s (hs)" [2C
n-—-oo
Hence {xn} is Cauchy sequence in X. So {Xn} converges to x* € X.

1-s2h

Now we show that x* is a fixed point of T.
d(x* ,Tx*) < s[ d(x*, Xons1) + d(Xans1, TX¥)]
< s[d(X*, Xont1) + d(SXon, TX¥)]
< s[ d(x*, Xan+1) + S[h max{d(Xzn, X*), d(Xan , SX2n), d(X*, TX*), d(Xz2n, TX*), d(X*, Sx2n)}]
< s[ d(x*, Xan+1) + sh [max{d(Xan, X*), d(Xzn, X2n+1), d(X*, TX*), d(X2n, TX*), d(X*, Xon+1)}.
Now different cases arises

Case 1: If max{d(xzn, X*), d(Xon, Xan+1), d(X*, TX*), d(X2n, TX*), d(X*, X2n+1)} = d(X2n, X* ) then
d(x*, Tx*) < sd(x*, Xan+1) + sh d(Xan, X*),
as n—oo, d(x*, Tx*) = 0. Hence x* is the fixed point of T.

Case 2: If max{d(Xzan, X*), d(Xan ,X2n+1), d(X*, TX*), d(X2n, TX*), d(X*, X2n+1)} = d(Xzn, X2n+1) then
d(x*, Tx*) < s d(x*, Xan+1) + sh d(Xan, Xon+1) ,
as n—oo, d(x*, Tx*) = 0. Hence x* is the fixed point of T.

Case 3: If max{d(Xzn , X*) ,d(Xon, Xon+1), d(X*, T X*) ,d(X2n , T X*) , d(X*, X2n+1)} = d(X2n , TX*) then
d(x*, Tx*) < s d(X*, Xan+1) + Sh d(Xon, TX*)
< s d(x*, Xan+1) + $?h [d(Xzn, X*) +d(x*, Tx*)]
(1-hs?) d(x*, Tx*) < s d(X*, Xzns1) + 52h d(Xan , X*)
s hs? -
(1-hs?) (onsz) 00 X)
as n—oo, d(x*, Tx*) = 0. Hence x* is the fixed point of T.

d(x*, Tx*) <

d(Xx*, Xon+1) +

Case 4: If max{d(Xan, X*), d(Xzn, X2n+1), d(X*, TX*), d(Xon, TX*), d(X*, X2n+1)} = d(X*, Xzns1) then
d(x*, Tx*) < s d(X*, Xon+1) + sh d(X*, Xzn+1)
< (stsh)d(x*, Xon+1)
as n—oo, d(x*, Tx*) = 0. Hence x* is the fixed point of T.

Case 5: If max{d(Xon, X*), d(Xan, X2n+1), d(X*, TX*), d(X2n, TX*), d(X*, X2n+1)} = d(X*, TX*) then
d(x*, Tx*) < s d(X*, Xzns1) + Sh d(x*, Tx*)

(1 —sh) d(x*, Tx*) < s d( X*, Xan+1),

as n—oo, d(x*, Tx*) = 0. Hence x* is the fixed point of T.
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Now we show x* is fixed point of S.

d(x*, Sx*) < s[d(x*, Xzn+2) + d(Xan+2, SX*)]
< s[d(X*, Xans2) + d(SX*, TXz2n41)]
< s[d(x*, Xzns2) ]+ S[h max{d(x*, Xan+1), d(X*, SX*), d(Xan+1, T Xan+1), A(X*, T Xan+1), d(Xan+1, SX*)}
< s[d(x*, Xan+1)] + sh [max{ d(x*, Xaon+1),d(X*, SX*), d(Xon+1, Xon+2), A(X*, X2n+2), d(Xon+1, SX*)}.
Now different cases arise,
Case 1: If max {d(x*, Xan+1), d(X*, SX*), d(Xan+1, Xon+2), A(X*, Xon+2), d(Xon+1, SX*)} = d(X*, X2n+1) then
d(x*, Sx*) <'s d(X*, X2n+2) +sh d(X*, X2n+1)
as n—oo, d(x*, Sx*) = 0. Hence x* is the fixed point of S.

Case 2: If max{d(x*, Xan+1), d(X*, SX*), d(Xon+1, Xon+2), A(X*, Xon+2), d(Xan+1, SX*)} = d(Xon+1, Xon+2) then
d(x*, Sx* ) < s d( X*, Xzn+2) + Sh d(Xan+1, Xzn+2)]
as n—oo, d(x*, Sx*) = 0. Hence x* is the fixed point of S.

Case 3: If max{d(x*, Xon+1), d(X*, SX*), d(Xan+1, Xon+2), d(X*, Xan+2), d(Xon+1, SX*)} = d(Xon+1, SX*) then
d(x*, Sx*) < s d( X*, Xan+2) + Sh d(Xzan+1, SX*)
(1- sh) d(x*, Sx*) < s d( X*, Xon+2)

d(x*, Sx*) < (l—ssh) d( X*, Xan+2), as n—o0, d(X*, Sx*) = 0. Hence x* is the fixed point of S.

Case 4: If max{d(x*, Xzn+1), d(X*, SX*), d(Xan+1, Xan+2), A(X*, X2n+2), d(Xzn+1, SX*)} = d(X*, X2n+2) then
d(x*, Sx*) < s d(X*, Xan+2) + sh d(X*, Xon+2)
< (s + sh) d(x*, Xzn+2)
as n—oo, d(x*, Sx*) = 0. Hence x* is the fixed point of S.

Case 5: If max{d(x*, Xzn+1), d(X*, SX*), d(Xan+1, Xan+2), d(X*, X2n+2), d(Xzn+1, SX*)} = d(x*, Sx*) then
d(x*, Sx*) < s d( X*, Xan+2) + sh d(x* Sx*)
(1- sh) d(x*, Sx*) < s d( X*, Xon+2)
as n—oo, d(x*, Sx*) = 0. Hence x* is the fixed point of S.
Therefore x* is a common fixed point of Sand T.

Uniqueness :

Now we show that x* is unique fixed point of Sand T.

Assume x** is another fixed point of S and T then we have, Sx** = x** and Tx** =x**
d(x**, x*) = d(Sx*, Tx**)

h max{d(x*, x**), d(x*, Sx*), d(x**, Tx**), d(x*, T x**), d(x**, Sx*)}

h max{d(x*, x**), d(x*, x**), d(x*, x**)}

h d(x*, x**)

(1-h) d(x**, x*) <0
Therefore d(x*, x**) = 0. Implies x*= x**. Hence x* is the unique fixed point of Sand T.

ININIA

Example :- Let X = [0, 1] and d:X x X —X defined by d(x , y) =[x-y| for all X, y in X then (X, d) is b-metric space with s=2.Now we
define two self maps S, T: X —X such that Sx = f and Ty = % Sand T satisfies the contractive conditions of theorem 2.1 and x =0 is
unique common fixed point of S and T.

Corollary:- Let (X ,d) be a complete b-metric space and let T: X—X be a self mapping such that
d(Tx, Ty) < h max{d(x, y), d(x, Tx), d(y, Ty), d(x,Ty), d(y, Tx)}, with 0 <h <1 then T has unique common fixed point.
Proof :By putting S = T in theorem 2.1 we get the corollary.

Example:- Let X = [0, 1] and d:X x X —X defined by d(x , y) =[x-y| for all X, y in X then (X, d) is b-metric space with s=2. Now we
define a self map T: X —X such that Tx = E which satisfies the contractive conditions of theorem 2.1 and x = 0 is unique common
fixed point of T.
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