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Abstract: - Cartesian product of two manifolds has been defined and studied by Petrov [1] and others. In
this paper, we have taken Cartesian product of p manifolds, where p is a positive integer. Certain prospects
of this product manifold have been defined and studied. The curvature tensor of the product manifold has
also been studied and it has been shown that the Cartesian product manifold is an Einstein space if the

constituent manifolds also possess the same property.
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Introduction: -

Let M1, My, ..., M, be p differentiable manifolds each of class C*. Let ni, na, ..., n, be
dimensions of these manifolds. Suppose my, m, ..., my be points of manifolds M1, Mz, ..., M,

respectively and let (M¢)my, (M2)my, ..., (Mp)m, be their tangent spaces at these points.

Consider the Cartesian product manifold My x M, x ... x M. If Xy, X, ... X, be tangent vectors of My,
Mo, ..., M, respectively, then (Xi, Xo, ... Xp) is a tangent vector of the product manifold My x My x ... x
M.

Let us define vector addition and scalar multiplication on the Cartesian product manifold as follows
(1.1.1) (Xl, Xz, vy Xp) + (Yl, Yz, ey Yp) = (X1 +Yq, Xo+ Yz, ey Xp + Yp)
and
(1.1.2) MX1, X2, ..y Xp) = (A X1, A X2, ...y A Xp)

Where X;, Y; are tangent vectors of the manifold M;, 1 <i<pand A a scalar. Then it is easy to show
that the set of all tangent vectors of the product manifold forms a vector space under the vector addition and

scalar multiplication defined above.

Define (1, 1) tensor field F for the product manifold as follows:

(1.1.3) F(X1, Xz, ..., Xp) = (F1X1, F2Xa, ..., FpXp)
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Where Fy, Fo, ..., Fy are (1, 1) tensor fields on My, Mo, ..., M, respectively.

If f, f, .., f, are C* functions on Mi;, M, ..., M, respectively, then

(fi, T2, ..., fp) is the C* function on the product manifold defined as

(1.1.4) (X1, Xo, ooy Xp)(T1, B, ..o, £y) = (Kafr, Xofo, ..., Xpfp)

For connections D1, Do, ..., Dy on manifolds My, Mo, ..., Mp, let us define the connection D on the
product manifold as follows :

(1.1.5) D, 0 (Yir Yare Yp) = (Dy, Y2, D, Y5, D, Y,)

It is easy to show that D satisfies all the properties of connection on the product manifold.

A manifold is said to possess Hsu-structure if it admits a tensor field ¢ oftype (1, 1) satisfying
(1.1.6) op2=a'l

Where ‘a’ is a real or complex number and ‘r’ a positive integer

1.2 Some Results

In this section, we shall prove the following theorems:

Theorem (1.2.1) The product manifold My x M, x ... x M, will admit Hsu-structure if and only if M1, My,

..., Mp are Hsu-structure manifolds.

For if M1, Mo, ..., M, are Hsu-structure manifolds, we have

|:i2xi =a'X,, i=1,2,...,p.

Now
F2(X1, Xo, ..., Xp) = (FX, B X, X))
= @XpaXy, ..., a'%p)
= a'(Xe, Xz, ..., Xp)
or
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(1.2.1) F2(X1, X, ..., Xp) = a' (X1, Xa, ..., Xp)

Hence the proposition Converse can be proved easily.

Let us now define the Riemannian metric ‘g’ on the product manifold M1 x M, x ... x M, as follows:

(1.2.2) g((Xl, Xo, ..., Xp), (Yl, Yo, ..., Yp)) :gl(Xl, Y1) + gz(XQ, Ya)+ ...+ gp(Xp, Yp)

Where g1, O, ..., g are Riemannian metrics on manifolds My, Mo, ..., M, respectively.

Let &, &, ..., & be vector fields and mni, m2, ..., mp 1-forms on manifolds

M1, My, ..., M, respectively. We define a vector field § and a 1-form n on the product manifold as follows :

(1.2.3) N (X1, Xz, ..., Xp)& = (M1(X1)&1, n2(X2)&z, ..., Mp(Xp)Ep)

Where X1, Xo, ..., X, are vector fields on the manifolds My, Mo, ..., M, respectively.

Now, we have

Theorem (1.2.2) The product manifold My x My x ... x M, admits Hsu-contact structure if the constituent

manifolds My, Mo, ..., M, possess the same structure.

Proof: Since the constituent manifolds M1, Mo, ..., M, admit Hsu-contact structure hence
(1.2.4) FiZXi = arxi +n;(X))§

i=1,2, ...,p. Now

FA(X1, Xo, ..o Xp) = (FEX, FEX,,0, FEX))

So equation (1.2.4) takes form

F(X1, X2, ..., Xp) = @'(X1, X2, -, Xp) HM1(X0)Ex, m2(X2)E2, - ., Np(Xp)Ep)

or

F2(X1, Xa, ..., Xp) = @' (X1, Xa, ..., Xp) + n(X1, Xa, ..., Xp) &

Hence the Cartesian product manifold My x M x ... x M, admits the Hsu-contact structure.

Theorem (1.2.3) The Cartesian product manifold M1 x My x ... x M, is Hsu-Kahler manifold iff the

constituent manifolds also have the same structure.
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The product manifold M; x M, x ... x My will be Hsu-Kahler iff
(DxF) Y =0 forarbitrary vector field X, Y on the product manifold.

Taking X = (X1, X2, ..., Xp), Y =(Y1, Y2, ..., Yp). Then

(DxF)Y = (Dy, x,..x,)F) (Y1, Yz, ..., Yp)
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= Dx, iy (RY0FoYors Y = (RDy, Y5, FD,, Y, D, Y))
(1.2.5) = (D, R0, (D, R)Y,.... (D, F)Y,) =0
It is possible only when (D, F)Y,=0, (D, R)Y, =0, ..., (D, F)Y, =0.

Hence the product manifold will be Hsu-Kahler if M1, Mo, ..., M, are of same type and vice versa.

Theorem (1.2.4) The Cartesian product manifold My x M, x ... x M, will be Hsu nearly Kahler iff the

constituent manifold have the similar structure.
Proof: The product manifold My x My x ... x M, will be Hsu nearly Kahler iff

(DxF)Y + (DyF)X =0

As in the previous theorem, we can write above equation as
(1.2.6) (DxF)Y + (DyF)X =

((Dlxl Fl)Yl + (D:I.Yl F:I.)Xl’ (D2><2 Fz)Yz + (DzY2 Fz)xz e (Dpxp Fp)Yp + (Dpr Fp)xp)

Hence in order that (DxF)Y + (DyF)X =0, it is necessary and sufficient that
(D R)Y;+(D;, F)X; =0, i=12, ...,p.
Hence the proposition

1.3 Curvature of the Cartesian product manifold

Let X = (X1, X2, ..., Xp), Y = (Y1, Y2, ..., Yp) and be two C* vector fields on the Cartesian product manifold
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My x My x ... x M. If f=(fi, f, ..., ;) be a C* function on the product manifold, then by definition of the
Lie bracket

[(Xs, Xo s Xo), (Y2, Yo oy Yo)l (B s s )
= (X1, Xz, ooy Xp)(Yaf1, Yobo, o, Yofo) - (Y1, Yo, o0, Yp)OKa i, Xofa, .o, Xofy)

or

[(X1, Xa, ..y Xp), (Y1, Yo, .., Yp) (T, B, .., £)
(1.3.1) = ([X, Yalfi, [Xo, Yalfo, ..., [Xp, Yplfp)

Suppose Ki(Xi, Yi, Zj), i=1, 2,..., p be curvature tensors of the constituent manifolds M1, My, ..., Mp. If

K(X, Y, Z) be the curvature tensor of the Cartesian product manifold M1 x My x ... x My, we have

(1.3.2) KX, Y, Z) = (Ki(X1, Y1, Z1), Ka(X2, Y2, Z2), ..., Kp(Xp, Yp, Zp))

IfW = (W, Wa, ..., Wy) be another vector field on the product manifold, let us put
KX, Y,Z W)=gK(X,Y, Z), W)

Then it can be easily shown that

(1.3.3) KX, Y, Z, W) ="Ki(X1, Y1, Z1, W1) + 'Ko(Xa, Y2, Z2, W3)

+ K3(X3, Y3, Z3, W3) + ...+ 'Kp(Xp, Yp, Zp, Wp)

Hence if the manifold M1, My, ..., M, are of constant curvature, the product manifold is also of

constant curvature.

In view of the equation (5.3.3), it follows that the Ricci tensor of the product manifold is the

sum of the Ricci tensors of the manifolds M1, My, ..., M.
Ifthe product space is an Einstein space, we have

(1.3.4) SX, Y) =24 gX, Y), X, Y vector fields and S (X, Y) the Ricci tensor of the product
manifold.

In view of the equations (5.3.3) and (5.3.4), it follows that

(1.3.5) SilX, Y =Ag(X, Y, 1i=1,2,...,p.
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Hence the manifolds My, My, ..., M, are also Einstein manifolds. Thus if the product manifold is

Einstein manifold, the same are constituent manifolds M1, Mo, ..., M.

Also

(1.3.6)

Where

SRR R R,
n

R, R1, Ro, ..., Ry are scalar curvatures of the product manifold and constituent manifolds and n, ny,

ny, ..., np their respective dimensions. Further

(1.3.7)

A w0 Do

S=S1+S+...+S, provided that the manifolds are Einstein manifolds.
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