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Abstract

This paper deals with collisions of plane waves with General Relativity in which ,In fact colliding plane
wave space-times have been found to have a surprisingly rich structure. Initially, it was widely believed
that the collision of plane waves would necessarily produce a future space-like curvature singularity. This
seemed to be implied by the focusing properties of plane waves. However, numerous counterexamples
have subsequently been produced in which the curvature singularity is replaced by a Killing— Cauchy
horizon. Extensions of the space-time through this horizon may, or may not, contain a space-like
curvature singularity, or even a time-like curvature singularity which could be avoided by an observer
travelling on a time-like world line.
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Introduction and Motivation

General theory of relativity is essentially theory. This shows nonlinear up most features clearly. of the
various nonlinear gravitational singularities and also in the collisional interaction of gravitational waves,
because the colliding gravitational waves can not generally be superposed linearly, but will scatter
another as suggested by Bondi, Pirani, Jobine 119591 Szekeres (1970), 119711 To understand to
establish the (1972), nature and of Khan and and spacetime their specific analytic and arter, represent one
of the most important problems of oder gravitation theory. Another fundamental problem in general
relativity the detention of gravitational thecretical requirement eurvature problem waves. of Hence,
generation and a significant is needed to understand the space. resulting from the collision of Penrose
(1971). To understand singularities and to establish the nature their specific analytic character, represent
one of the most important problems of modern gravitation theory. Another fundamental problem in
general relativity is the problem deterction of gravitational waves. of Hence, generation a and significant
theoretical requirement is needed to understand the space. time curvature resulting. from the collision
gravitational waves. And one especially interested in strong gravitational particular, by the waves exact
that solutions are of obtained, vacuum of the in Einstein equations. The exact solutions representing a
collision of two plane Szekeres collinearly polarized (1970, 1972). and were investigated independently
by Khan. The subject to be discussed in this paper is the collision and interaction of gravitational and
electromagnetic waves. This is a particularly important topic in general relativity since the theory predicts
that there will be a non-linear interaction between such waves. The effect of the non-linearity, however,
is unclear. It is appropriate therefore to look in some detail at the simplest possible situation in which the
effect of the non-linearity will be manifest: namely the interaction between colliding plane waves.

1.1 Why Consider Wave Interactions?

In classical theory, Maxwell’s equations are linear. An immediate consequence of this is that solutions
can be simply superposed. This leads to the prediction that electromagnetic waves pass through each
other without any interaction. This prediction is very thoroughly confirmed by observations. Radio waves
are transmitted at many different frequencies, yet it is possible for a receiver to select any one particular
station and to receive that signal almost exactly as it was transmitted. The only interference that is
detected arises from other transmitters using the same frequency, and from the difficulty of isolating just
one frequency within the receiver. After many years’ experience, no interaction has ever been detected
between propagating electromagnetic waves. This applies not just to radio waves, but to all types of
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electromagnetic radiation, including light. That we can see clearly through a vacuum, even though light is
also passing through it in other directions undetected, is one of the best established of scientific
observations. More remarkably, this applies not just to local phenomena, but to the vast regions of space.
The light that reaches us from distant galaxies arrives without any apparent interaction with the light that
must have crossed its path during the millions of years that it takes to reach us. The apparent linearity of
the field equations for electromagnetic waves is thus one of the best established scientific facts. However,
this is not the entire story. Einstein’s equations which describe gravitational fields are highly non-linear.
It follows that gravitational waves, if they exist, cannot pass through each other without a significant
interaction. In this book we will be using the standard general theory of relativity.

In this theory gravitational waves are predicted, though their magnitudes are so small that the possibility
of detecting them is only just coming within the scope of the most sophisticated modern apparatus. The
purpose of this book is to contribute to an understanding of the character of the interaction that is
theoretically predicted between gravitational waves. In Einstein’s theory, gravitational waves are
considered as perturbations of space-time curvature that propagate with the speed of light. As these
waves pass through each other, theoretically there will be a nonlinear interaction through the gravitational
field equations. It will be necessary to consider the general character of these interactions, and how the
propagating waves are modified by them Consider again electromagnetic waves. According to Einstein’s
theory, all forms of energy have an associated gravitational field. Electromagnetic waves must therefore
be coupled to an associated perturbation in the space-time curvature. In the full Einstein—Maxwell theory,
Maxwell’s equations describing the electromagnetic field remain linear, indicating that there is no direct
electromagnetic interaction between waves. However, Einstein’s equations, which apply to the
gravitational field, are highly non-linear. Thus, as two electromagnetic waves pass through each other,
there will be a non-linear interaction between them due to their associated gravitational fields. This non-
linear interaction between electromagnetic waves that is predicted by Einstein’s theory must necessarily
be very small in order to be consistent with the fact that such interactions have not yet been detected. An
interaction, however, is predicted, though its magnitude is likely to be similar to that between
gravitational waves. Since the interactions we will be considering are so weak, it may be considered
appropriate initially to use approximation techniques. A number of authors have considered this
approach. The modern techniques of numerical relativity have also produced some interesting results.
However, these approaches will not be used in this book. The method adopted here will be to concentrate
on exact solutions of the Einstein—Maxwell field equations. This has the advantage of being able to
clarify something of the global structure of wave interactions. This turns out to be one of their most
remarkable features. It leaves us, however, with the problem of finding exact solutions, and these are only
possible in a very limited number of situations.

1.2 Simplifying Assumptions

The problem that is to be considered in this book is the interaction between two waves. A simple case in
which the waves propagate in the same direction has been analysed by Bonnor (1969) and Aichelburg
(1971). They have found that, for the class of vacuum pp-waves that will be defined in Section 4.1, the
waves can be simply superposed without interaction because of the linearity of the field equations when
written in a certain privileged class of coordinate system. It is therefore appropriate to concentrate on the
general case in which the waves propagate in arbitrary different directions. In this case it is always
possible to make a Lorentz transformation to a frame of reference in which the waves approach each
other from exactly opposite spatial directions. It is therefore only necessary to consider the ‘head on’
collision between the two waves. However, even this situation is too difficult to analyse without some
further simplifying assumptions. In order to obtain exact solutions, it is appropriate initially to make the
additional assumption that the approaching waves have plane symmetry. This is a very severe restriction
indeed, even though we intuitively think of plane fronted waves as approximations to spherical waves at
large distances from their sources. However, the two cases must be distinguished as their global features
are totally different. The waves we will be considering not only have a plane wave front, but also have
infinite extent in all directions in the plane. In contrast, waves generated by finite sources must have
curved wave fronts, but it is very difficult to set up boundary conditions and field equations for the
interactions between such waves. The reason for concentrating on plane waves is that in this case it is
possible to formulate the problem explicitly and to find exact solutions. In addition to the assumption that
the wave front is plane, the imposition of plane symmetry also requires that the magnitude of the wave is
constant over the entire plane. Further, it is appropriate to concentrate on ‘head on’ collisions and thus to
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impose the condition of global plane symmetry. It is always possible to make a Lorentz transformation to
include oblique collisions but the physical interpretation of the solutions is now severely restricted by the
above assumptions. The situation being considered in this book is thus the very restrictive one in which
two waves, each with plane symmetry, approach each other from exactly opposite directions. A topic of
further research will be to consider how to apply the qualitative results obtained here to more realistic
situations, involving waves originating in physical sources. In the absence of more realistic exact
solutions, however, the solutions described here form an important first step in an understanding of the
non-linear interaction that occurs between waves in Einstein’s theory.

ELEMENTS OF GENERAL RELATIVITY

It is not the purpose of this chapter to introduce or explain Einstein’s general theory of relativity, since
the reader who is not already familiar with it is unlikely to gain much from this book. The main purpose
here is simply to clarify the notation that will be used. It is also appropriate in this chapter to briefly
introduce the Newman—Penrose formalism which facilitates the geometrical analysis of the colliding
plane wave problem and which will be used in Chapter 6 to derive the field equations.

2.1 Basic Notation

Basically, we will be following a very traditional approach, and the notation adopted will be that of the
well known paper of Newman and Penrose (1962). Accordingly, a space-time will be represented by a
connected C* Hausdorff manifold M together with a locally Lorentz metric g,, with signature (+, —, —, )
and a symmetric linear connection I'* ,,. Greek indices are used to indicate the values 0,1,2,3, and the
covariant derivative of a vector is given by

1)\ _ ,1)\

H e 1

A A
A 2.1)

where a comma denotes a partial derivative. The curvature tensor is given in terms of the connection by
R:‘h',uzr = rkh'zr.p FAHJ'J.JJ T ]'—'}'I'tlll'l—'{]h'lv’ r)lnul—“h',u'
(2.2)
The Ricci tensor, which is the first contraction of the curvature tensor, is given by
R;u.-' = R(:““;' (23)
The curvature tensor has twenty independent components. These can be  considered as the ten
independent components of the Ricci tensor, and the ten independent components of the Weyl tensor,

which is the trace free part of the curvature tensor, and is given by
(-'YH.)\,!JIJ = Rh’}qn’i-" %'::R}.,.rﬂn'zr H)\zr_'!?n'g: RHIJ_‘?.}-H T R.—;y."f}qr}

T [_ljR[g.}-,urgHzr .r_lr.)uv'.r_lrﬁ.ll'}

(2.4)

where R = R,* is the curvature scalar. These two groups of components have different physical
interpretations. The components of the Ricci tensor are related to the energymomentum tensor T, of the
matter field present, through Einstein’s equation

Ry — 1/2 g R = 8T, (2.5)

These components can be considered to define the amount of curvature that is directly generated by the
matter fields that are present at any location. For a vacuum field they will be zero, but they will be non-
zero when electromagnetic waves or other fields are present. The components of the Weyl tensor, on the
other hand, define the ‘free gravitational field’. They may be considered as describing the components of
curvature that are not generated locally. In this sense they describe the pure gravitational field
components. They may be interpreted as the components of gravitational waves, or of gravitational fields
generated by non-local sources.

where R = R,* is the curvature scalar. These two groups of components have different physical
interpretations. The components of the Ricci tensor are related to the energymomentum tensor T, of the
matter field present, through Einstein’s equation.

These components can be considered to define the amount of curvature that is directly generated by the
matter fields that are present at any location. For a vacuum field they will be zero, but they will be non-
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zero when electromagnetic waves or other fields are present. The components of the Weyl tensor, on the
other hand, define the ‘free gravitational field’. They may be considered as describing the components of
curvature that are not generated locally. In this sense they describe the pure gravitational field
components. They may be interpreted as the components of gravitational waves, or of gravitational fields
generated by non-local sources.

2.2 Components of the Curvature Tensor

It is convenient to represent the curvature tensor in terms of distinct sets of components. Not only may it
be divided into the Weyl and Ricci tensors, but each of these tensors may be described in terms of
distinct components. The appropriate notation here is that of Newman and Penrose (1962). It is found to
be convenient to introduce a tetrad system of null vectors. These include two real null vectors I* and n", a
complex null vector m*, and its conjugate. They are defined such that their only nonzero inner products
are

L,n* =1, m,m" = =1
H . (2.6)

and they must satisfy the completeness relation

Qv = Fﬂnr, | ]'i'ﬂlili, my, M, — M,m,.
2.7)
Having defined a tetrad basis, the Ricci and Weyl tensors may now be expressed in terms of their tetrad
components. The ten independent components of the Ricci tensor can conveniently be divided into a
component A representing the curvature scalar and the nine independent components of a Hermitian 3 x
3 matrix ®ag Which represents the trace free part of the Ricci tensor and satisfies

Pap=Ppa
(2.8)
where A, B =0, 1, 2. These components are defined by
Py = —éaﬁ’;u;f‘”f“
Py = _éﬂmzf”f””
Tpe = — 2 R, .m*m”
Dy = —_ll.:'?,,u,.[f“n" + m*m")
1 ”
Py = —5 R, ntm
1 ’
Py = — 5 R, n"n’
A= LR
(2.9)

The ten independent components of the Weyl tensor, representing the free gravitational field, can more
conveniently be expressed as the five complex scalars

Ty = —E’_.*H‘-.u“,f"':;ra”‘.“‘m“
) = —Cuaud™n™ *m”
Wy — —E’_.*HMU,.F“m’}‘m“n”
L —E’_.*h.M“,n"'I'}‘n“'.rn"
Wy = — _-'h.;.‘j“,n"'m’}‘n“n:”.

(2.10)

These components have distinct physical interpretations that will be mentioned below. They also have
particular convenience when considering the algebraic classification of the space-time. Gravitational
fields are usually classified according to the Petrov— Penrose classification of the Weyl tensor. This is
based on the number of its distinct principal null directions and the number of times these are repeated.
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This classification is most conveniently described using a spinor approach. However, there is no need to
introduce spinors here, as tetrads are sufficient. According to the tetrad approach, a null vector ku is said
to describe a principal null direction of the gravitational field with multiplicity 1, 2, 3 or4if it satisfies
respectively

ko Crlapvka) BB = 0
Crrpvka k" = 0
Crorppka) M = 0

. oy .
: h‘,’n.,laj.»-":'- = 0

(2.11)

where square brackets are used to denote the antisymmetric part. There are at most four principal null
directions.

If all four principal null directions are distinct, the space-time is said to be algebraically general, or of
type I. If there is a repeated principal null direction, then the space-time is said to be algebraically special.
If it has multiplicity two, three or four, the space-time is said to be of types I, 1l or N respectively. If a
space-time has two distinct repeated principal null directions, it is said to be of type D. If the Weyl tensor
is zero, the space-time is conformally flat or of type O. If either of the basis vectors I* or n* are aligned
with principal null directions then either W = 0 or ¥, = 0 respectively. If the vector | p is aligned with the
repeated principal null direction of an algebraically special space-time, then ¥y = ¥; = 0. If this principal
null direction is repeated two, three or four times, then the only non-zero components of the Weyl tensor
are the sets (¥, W3, ¥s), (¥3, P4) or P, respectively. Finally, if I" and n* are both aligned with the distinct
principal null directions of a type D space-time, then the only non-zero component of the Weyl tensor is
¥,. The physical meaning of the different components of the Weyl tensor has been investigated by
Szekeres (1965), and may be summarized as follows:

P, denotes a transverse wave component in the n* direction.

W1 denotes a longitudinal wave component in the n* direction.

¥, denotes a coulomb component.

5 denotes a longitudinal wave component in the I* direction.

P, denotes a transverse wave component in the I* direction.

This interpretation will be very useful when we come to analyse the interaction between two gravitational
waves. It is possible to align the two basis vectors I* and n" with the two waves. The interaction to be
considered here is between transverse waves, so the problem is to find the interaction between the ¥4 and
Yo components.

2.3 Spin Coefficients
In some situations it has been found convenient to modify the notation for tetrads, spinors and spin

coefficients in recent years.1 However, it is most convenient here to continue to use the original notation
of Newman and Penrose (1962).2 Those not familiar with this notation need not be

!See Geroch, Held and Penrose (1973), Penrose and Rindler (1985).
’For a detailed introduction to the Newman—Penrose formalism see Pirani (1965), Carmeli (1977),

Alekseev and Klebnikov (1978), Frolov (1979) and Kramer et al. (1980).

too alarmed, as we have no need here to introduce spinors or their more intricate properties. Effectively,
we are only introducing the notation because of its convenience for describing certain geometrical
properties of the solutions. The main feature of the Newman—Penrose formalism is the introduction of
spin coefficients. These are complex linear combinations of the Ricci rotation coefficients associated with
the null tetrad. They are defined by
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K = ly,ym*l” v = —ny,m"n"
p = l,.,,mtm” = —ny,,mtm"
o =l,.,, m"m" A= —n,,m"m"”
T =1, m'n" T = =Ny, M"Y

€ %(.-fmwn.“i”’ — my,, mHlY)

a = %(I pant'm” — mymbtm”
A= %(I pwntm” —my.,mt*m")

vy = 3(Lwntn” —my,,m*n’).

!

(2.12)

The spin coefficients have the following geometrical interpretations. If k = 0, then 1" is tangent to a
geodesic null congruence. If, in addition, Re € = 0, then I* is the tangent vector corresponding to an
affine parameterization, and —Re p, Im p and |o| define the expansion, twist and shear of the congruence
respectively. Also, arg ¢ determines the shear axes. With a change of sign, a positive value for Re p is
more appropriately referred to as the contraction of the congruence. It may also be noted that I, is
proportional to the gradient of a scalar field if, and only if, it is tangent to a twist-free null geodesic
congruence (k =0, p —p =0). Also, 1, is equal to the gradient of a scalar field whenk=0,p—p =0, €
+ € =0and a+ P =1 In the congruence defined by n" the coefficients —v, =y, —u, —A correspond to «,
€ , p, o respectively. The geometrical properties of the solutions given later can be very conveniently
analysed in terms of these spin coefficients. We also need to define the intrinsic derivatives. These are
directional derivatives in the directions of the four tetrad vectors, and are defined by

D=1"V,, A=n"V,, §=m"V,, §=m"V, (2.13)

where V,, is the covariant derivative operator, previously denoted by a semicolon.

Basic to their formalism is the set of Newman—Penrose identities. The first group of these are linear
combinations of the Ricci identities applied to the tetrad vectors. These will only be referred to
occasionally in the following sections, but it is still worth quoting them here as follows:
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Dp — 8k = p® + 08 + ple + &) — RT — k(3 + 7 — ®) + Pgo
Dy —de=a(p+ o)+ a(dec—€) —wim —F+a+33)+ ¥
Dr —Arx=plr+T)+ao(T+ )+ 7(ec — &) — &Iy + 5)

+ ¥y + Py
Dex — fe = o+ & — 2e) + GF — Fe — mX — fy + ml(p 4+ €) + $qp
D —de=ea(at+m)+ Fpg—c) —wlp+) —elax —F) + Iy
My —Me=a(r4+T)+ T4+ 7)) — e+ &) — ey +F)+ 70 — K

—"I"g—ﬂ.—"i:']l
DX —d6m = pA+au+n° +wla— F) — vk — A(3e — &) + Pag
D.re —tiif—;_:l;e-l—-.'tl'}".-l—‘.‘?ﬁ—lru:r'—e_':l— el —..:i':l—UH-I— o + 2A

Do —Ar=pula+ 7T+ AT+ )+ w(y —F) — (3 + £)
+ Ty + Pqy
AX—dv = —-AMp+G)— A3y —F)+v(8a+F+m7 —F) — Wy
Ao — Aoy = i+ 3) — o3 — 7] + i — p)+ wlp — 1)
— ¥y + Py

S — 63 = o — ad 4 ek + 13 — 2T+ ~(p— p)+ e — f)
— gy + A+ dpyy
AN — ti,!.r = ip— p)l + 7l — @) + el + 3y + Al — 3F)

— Ty + @ay
S — Ap = p + AN+ ply +F) —pr + el — 33 — @) + P
by — AT =7({p+ ) — & — o — er — F[2y — F — u) + e h + L1 L
81 — Ad = pa + pA+ vt + 3 — &) — a(3y — F) — kb + P2
Mo — dr = —pji — oA+ "'I:} — e — T+ gy + F) + wer — T — 24

Ao —dy=vip+e)— AMr+3) + a5 — fg)+ (3 —F) — Ps.

(2.14a)
(2.148)

(2.14c)
(2.14d)
(2.14e)
(2.14f)
(2.144)

[2.148)

(2.144i)
(2.145)

(2.14k)

(2.141)

(2. 14rm)
(2.14n)

(2 14a)
(2.14p)
(2.144q)
(2.14r)

We will also require the commutation relations between the intrinsic derivatives. When applied to scalar

functions, these are given by

AD-DA=(y+7)D+(c+ &A= (r+7)d=(F+7)d
6D-Di=(a+f-7)D+kA-06— (p+e—&)d
6A-Ab=-iD+(t—a-B)A+ X0+ (p-v+7)8
00 — 06 = (i — p)D + (5 — p)A+ (B = @)d + (a = B)d.

(2.15)

These can be applied to the coordinates to give the so-called metric equations, and also to the spin
coefficients and the curvature tensor components. An essential part of the general Newman—Penrose
formalism is the set of Bianchi identies. These, however, will not be used explicitly in this text and

therefore do not need to be repeated here.

2.4 Einstein—Maxwell fields

In this formalism, Einstein’s field equations are applied simply by replacing the expressions for the Ricci
tensor components in the above identities by the appropriate components of the energy-momentum tensor
according to equation (2.5). For an electromagnetic field in a vacuum, for example, it is convenient to
represent the electromagnetic field tensor F*" by three complex scalars defined by

P O
D, = %FM,{EHHP + m"'m”)

‘I’g

Fupmfn.

(2.16)
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It is also possible to scale the electromagnetic field tensor such that Einstein’s gravitational field
equations are then given by

‘I‘_,U_,* = ‘I’J‘I’g. A= l]'_.

2.17
and, in this case, Maxwell’s equations take the form ( :
D®; — 00y = (7 — 2a)Dy + 2pP, — kD>
D®s — 4P = — Ay + 27D + (p — 2€) Do
AP, — Adg = (g — 2’:-}“1:'[] + 21dy — gds
0y — APy = —v®y + 2uP, + (7 — 20)D,
(2.18)

It is also possible to classify the electromagnetic field in a similar way to the classification of the Weyl
tensor. An electromagnetic field is said to be non-null or null if it has two distinct or one repeated
principal null direction k* satisfying respectively

I‘__u:aﬂl"l/\]k# =10
'Fhu'i‘“ﬂ = l} F[.fur-lil‘-)\: ={.
(2.19)

Aligning I* with a principal null direction of the electromagnetic field makes @y = 0. If I" is a repeated
principal null direction, then @y = @, = 0, and the only non-zero component of the null field is ®,.

Conclusion:

Any interpretation of the above results concerning the collision of plane waves must bear in mind the fact
that the situation is highly idealized. Nevertheless, some general features concerning the interaction of
waves in general relativity may be indicated. A similar situation is'well known in cosmology. Here the
general expansion and, particularly, the initial singularity of the Friedmann universes turn out to be
general features of relativistic cosmologies, rather than particular consequences of the high degree of
symmetry that is assumed. In the case of collision of plane waves, the basic feature that has been
substantially demonstrated above is the focusing effect of gravitational waves, and the slightly different
focusing effects of waves of other types of matter. When two waves pass through each other, they will
inevitably tend to focus each other. In the exact solutions that have been presented, the approaching
waves are non-expanding. Thus, after the collision, the two waves will increasingly contract towards a
focus. A wave crossing a gravitational wave will be focused astigmatically. Had the approaching waves
been initially expanding, then it is reasonable to assume that, after the collision, their expansion would be
slightly reduced.
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