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. INTRODUCTION

In order to deal with uncertainties, the idea of fuzzy sets, fuzzy set operations was introduced by L.A. Zadeh[14] in 1965. The
potential of fuzzy notion was realized by the researchers and has successfully been applied in all branches of mathematics in 1968
C.L.Chang]5], applied basic concepts of general topology to fuzzy sets and introduced fuzzy topology. The paper of Chang paved the
way for the subsequent tremendous growth of the numerous fuzzy topological concepts. In the recent years, there has been a growing
trend among many fuzzy topologists to introduce and study different forms of fuzzy sets and a considerable amount of research has been
done on many types of fuzzy continuity in fuzzy topology.

In 1899, Rene Louis Baire [2] introduced the concepts of first and second category sets in his doctoral thesis. By means of first
category sets, the notion of pseudo open sets was introduced and studied by A.Neubrunnova [6] in classical topology. The purpose of
this paper is to introduce and study fuzzy pseudo open sets in fuzzy topological spaces.” A new class of spaces, called fuzzy pseudo
Lindelof space between fuzzy topological spaces, is introduced and studied. It is observed that the fuzzy pseudo open sets in fuzzy hyper
connected spaces are fuzzy simply open sets and fuzzy resolvable sets. The conditions under which fuzzy hyper connected spaces become
fuzzy Baire spaces and fuzzy volterra spaces, are also obtained by means of fuzzy pseudo open sets. Several examples are given to
illustrate the concepts introduced in this paper.

I1. PRELIMINARIES

In order to make the exposition self- contained, some basic notions and results used in the sequel are given. In this work (X,T) or
simply by X, we will denote a fuzzy topological space due to Chang (1968). Let X be a non- empty set and I, the unit interval [0,1]. A
fuzzy set A in X is a function from X into I.The null set 0 is the function from X into I which assumes only the value 0 and the whole
fuzzy set 1 is the function from X into | takes 1 only.
Definition 2.1[5]: Let (X,T) be a fuzzy topological space and A be any fuzzy set in (X,T).The interior and the closure of A defined as
follows

Q) Int(A) =V {pn/psh peT}

(ii) Clh) =A{p/rA<p,l-peT}

Lemma 2.1[1]: For a fuzzy topological space X,
0] I—Int(X) = cl(1—2)
(i) 1-CI(A) = int(1-2)

Definition 2.2[8]: A fuzzy set A in a fuzzy topological space (X,T), is called fuzzy dense if there exists no fuzzy closed set p in (X,T)
such that A< p <1 . That is, cl(A) = 1, in (X,T).

Definition 2.3[8]: A fuzzy set A in a fuzzy topological space (X,T), is called fuzzy nowhere dense if there exists no non —zero fuzzy open
set win (X,T) such that p <cl (A). That is, intcl(A) =0, in (X,T).

Definition 2.4[3]: A fuzzy topological space (X,T) is called fuzzy first category set if L = V-, (1a),where (Ao)’s are fuzzy nowhere dense
sets in (X,T).Any other fuzzy set in (X,T) is said to be of fuzzy second category.

Definition 2.5[11]: Let A be a fuzzy first category set in (X,T). Then 1 — A is called a fuzzy residual set in (X, T).

Definition 2.6[3]: A fuzzy topological space (X,T) is called fuzzy first category if 1x = Vg—;(4s),where (Aa)’s are fuzzy nowhere dense
sets in (X,T). A fuzzy topological space which is not of fuzzy first category is said to be of fuzzy second category.
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Definition 2.7[10]: A fuzzy topological space (X,T) is called a fuzzy strongly irresolvable space if for every fuzzy dense set A in (X,T),
clint(A) = 1 in (X, T).

Definition 2.8[7]: The fuzzy boundary of a fuzzy set A in a fuzzy topological space (X,T) is defined as Bd(A) = cl (A) A cl( 1— 1)
Definition 2.9[12]: A fuzzy set A in a fuzzy topological space (X,T), is called a fuzzy simply open set if Bd(}A) is a fuzzy nowhere dense
set in (X,T).That is, A is a fuzzy simply open set in (X,T) if cl (A) A cl ( 1= L), is a fuzzy nowhere dense set in (X, T).

Definition 2.10[13]: A fuzzy set A in a fuzzy topological space (X,T), is called a fuzzy simply* open set if A = pVo, where p is a fuzzy
open set and 9 is a fuzzy nowhere dense set in (X,T) and 1— A is called a fuzzy simply* closed set in (X,T).

Definition 2.11[3]: A fuzzy topological space (X,T) is called fuzzy submaximal space if for each fuzzy set A in (X,T) such that cl(}) =
I,then X € T in (X,T).

Definition 2.12[11]: A fuzzy topological space (X,T) is called a fuzzy Baire space if int(Vg=;(1s)) = 0,where (Ay)’s are fuzzy nowhere
dense sets in (X,T).

Definition 2.13[9]: A fuzzy topological space (X,T) is said to be fuzzy Lindel6f if for every fuzzy open cover of X has a countable sub
cover. That is for every fuzzy open cover {A.}.ca Of X, there exists a countable subcover {4, }nensuchthat  Vien {44,}=1.
Definition 2.14[4]: A fuzzy topological space (X, T) is said to be fuzzy hyperconnected, if every non-null fuzzy open subset of (X,T) is
fuzzy dense set in (X,T). That is., a fuzzy topological space (X, T) is hyperconnected if cl(;) =0, for all pieT.

Definition 2.15[13]: A fuzzy topological space (X,T) is said to be fuzzy simply Lindel6f if for every fuzzy simply open cover of X has a
countable subcover. That is, (X, T) is a fuzzy simply Lindelof space if Vqca{Ad}=1, where intcl({A.}) = 0in (X,T), then Vnen {44, }=1
in (X,T).

Definition 2.16[12]: Let (X,T) be a fuzzy topological space. A fuzzy set A defined on X is called a fuzzy pseudo open set in (X,T) if A=
uVva, where u is a non-zero fuzzy open set in (X,T) and 9 is a fuzzy first category set in (X,T) and 1- A is called a fuzzy pseudo closed set
in (X,T).

Theorem 2.1[13]: If A is a fuzzy pseudo open set in a fuzzy hyperconnected space (X, T),then A is a fuzzy simply open set in (X, T).
Theorem 2.2[12]: If X is a fuzzy pseudo open set in a fuzzy topological space (X,T), then 1 — L= Ay, where B is a fuzzy closed set in
(X,T) and y is a fuzzy residual set in (X,T).

Theorem 2.3[12]: If A is a fuzzy pseudo open set in a fuzzy hyper connected space (X,T), then A is a fuzzy resolvable in (X,T).

Theorem 2.4[11]: If int Vo e a {Aa} = 0, where {A,}’s are fuzzy resolvable sets in a fuzzy topological space (X,T), then (X,T) is a fuzzy
Baire space.

Theorem 2.5[13]: If (X,T) is a fuzzy simply Lindelof spaces, then (X,T) is a fuzzy second category space.

I11. ON FUZZY PSEUDO LINDELOF SPACES

Definition 3.1: A collection {A, :a € A} of fuzzy pseudo open sets of a fuzzy topological space (X,T) is said to be a fuzzy pseudo open
cover of X if Vaca {Ao} =1, in (X,T).

Definition 3.2: A fuzzy topological space (X,T) is said to be fuzzy pseudo Lindeldf if each cover of X by fuzzy pseudo open sets has a
countable sub cover. That is (X, T) is a fuzzy pseudo Lindelof space if Vaca {As} =1 where A1, = (1, V 8,), in which {g,}’s are non zero
fuzzy open sets in (X,T) and {8, } s are fuzzy first category sets in (X,T), then Vaen {4, }=1,in (X,T).

Example 3.1: Let X = {a,b,c}.The fuzzy sets a, B,  and A are defined on X as Follows:

a: X —[0,1] is defined as a(a) =0.5 ; a(b) = 1; a(c)=0.4;

B:X —10,1] is defined as P(a) =1; P(b) = 0.6; B(c)=1;

d: X —[0,1] is defined as d(a) = 0.6; 6(b) = 0.4; d(c)=1;

A: X —0,1] is defined as Ma) =0.5; Mb) = 1; A(c)=0.6;

Then T = {0.a, B, 5, avd, aAB, and, dV[aAB},1} is a fuzzy topology on X. On computation, one can find 1- a,1-B, 1- 6, 1- (aVd), 1 —
[6V(anP)], are fuzzy nowhere dense sets in (X,T).Now 1- (aA &) = (1- a0 )V (1- B )V( 1- d)V[1 — (avd)] V {1- [6V(aAP)]} shows that 1-
(and) is a fuzzy first category set in (X, T). On computation are can see that fuzzy pseudo open sets in (X,T) are A, B, 3V(a A B), 1- (a0 A
5). Now A VBV [3V (arB)] V [1- (ard)] =1, AV B =1, in (X,T).Shows that the fuzzy pseudo open cover {A,, 1- a A, &V (a A B)} of
(X,T) has a countable sub cover {A, B} in (X,T) and hence (X,T) is a fuzzy pseudo Lindelof space.

Proposition 3.1: If ({Aa}aca)’s are fuzzy pseudo open sets in a fuzzy pseudo Lindelof space (X,T), such that, Voea{Aa} =1, then Vien
{4, }= 1, where int (1) # 0, in (X,T).

Proof: Let (X,T) be a fuzzy pseudo Lindelof space. Then, for the cover {A.}qca Of X by fuzzy pseudo open sets in (X,T), there exists a
countable sub cover {4, }ncn of X by fuzzy pseudo open sets. That is, Vne n{A¢, }= 1, in (X,T). Since {4, }’s are fuzzy pseudo open
sets in (X,T), g, = (Ha,V0q,), Where {u, }’s are non zero fuzzy open sets and {8, }’s are fuzzy first category sets in (X,T). Now,
int(4g,) = int (Ke,V 8q,) =int (Kg,) V int (8, ) = He,# 0 and Hence int(4,,) # 0. Thus Vi en{dq, }= 1, Where int (1) # 0, in (X,T).
Proposition 3.2: If A 4ca {1a} = 0 ,where {u,}’s are fuzzy pseudo closed sets in a fuzzy pseudo Lindelof space (X,T), then there exists
a countable subset {on : N € N} € A such that A nen {lg, }=0in (X,T).

Proof: Suppose that Aec a{tta} = 0, where {uq}’s are fuzzy pseudo closed sets in (X,T). Now 1— A qca {pa} =1, implies that ~ Vaca
{1— uo} =1, in (X,T). Since (X,T) is a fuzzy pseudo Lindelof space and {1— p.}’s are fuzzy pseudo open sets in (X,T), there exists a
countable sub cover{1— u,, }ncn Of X by fuzzy pseudo open sets in (X,T). That is, there exists a countable subset {an : N € N} S A such
that Vnen{1— ug,}=1,in (X,T). This implies that 1 — Anen (fe,) =1, and thus Anen {ig,} =0, in (XT).

Proposition 3.3: If ({AJ}aca)’s are fuzzy pseudo open sets in a fuzzy pseudo Lindelof space (X,T), such that, Vaca {Ao} =1, then there
exists a countable subset {on : N €N} € A suchthat Ancn{l-4,,}=0, where cl{l- A, } # 1 in (X,T).

Proof: Let (X,T) be a fuzzy pseudo Lindelof space. Then, for the cover {A}oca Of X by fuzzy pseudo open sets in (X,T), there exists a
countable subcover {14, }nen of X by fuzzy pseudo open sets. That is, there exists a countable subset {an:ne N} & A such that Vi
n{4q, }= 1and hence Anen{l-4,,}=0in (X,T). Since {1, }’s are fuzzy pseudo open sets in (X,T), 44, = Uq,V b4, Where {pg, }’s are
non zero fuzzy pseudo open sets in and {8, }’s are fuzzy first category sets in (X,T). Now, int(4d,,) = int (Kg,V Oa,) = int (Kg,) V int
(0a,) = M,V int(8,,) # 0. Hence int(Ay,) # 0. Then, cl{1- 4, }=1-int(d,, ) # 1, in (X,T).Thus A ncn {1- A4, }= 0, where cl{1- 4, }
# lin (X,T).

Proposition 3.4: If (X,T) is a fuzzy pseudo Lindelof space, then Anen (g, 8q,) =0, where{u, }’s are fuzzy closed sets and {8, }’s
are fuzzy residual sets in (X,T) .
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Proof: Let (X,T) be a fuzzy pseudo Lindelof space. Then, for every cover {Ao}« o Of X by fuzzy pseudo open sets, there exists a
countable subcover {4, }ncn Of X by fuzzy pseudo open sets. That is, Vi ca {Aa} = 1 implies that Vacn {A4,}= 1,where {4, }’s are
fuzzy pseudo open sets in (X,T). Now 1-Vnen {44, }= 0, implies that Anen (1— Ag,) = 0. By the theorem 2.2, 1 — 4, = (Ug, " Oq,) + IN
(X,T), and this implies that Ancn (Ug, A Oa,) =0, where{p,, }’s are fuzzy closed sets and {8, }’s are fuzzy residual sets in (X,T).
Example 3.2: Let X = {a,b,c}.The fuzzy sets A ,8, 3, A, I, v, 1 and ¢ are defined on X as Follows:
: X — [0,1] is defined as a(a) =0.5; a(b)=1; a(c)=0.4;
: X — [0,1] is defined as P(a) =1; P(b)= 0.6; B(c)=0.1;
: X — [0,1] is defined as &(a) = 0.6; 8(b) =0.4; &(c)=1;
: X —[0,1] is defined as Ma)= 1; Mb)=0.6; A(c)=0.9;

X — [0,1] is defined as p(a) = 0.6; u(b) = 0.6; u(c)=0.9;
: X — [0,1] is defined as y(a) =0.5; y(b) =1; y(c)=0.9;

X — [0,1] is defined as m(a) =0.6; n(b) = 1; n(c)=0.9;
: X — [0,1] is defined as o(a) =1; o(b) = 0.6; 5(c)=0.4;
Then T = {0, a, B, 5, aVpB, aVs, BV3, arB, ard, PAS, av(BAS ), BV(ard), dV(arp), ar( BVE ),BA( avd), SA(avB), ar(BAS),1} is a fuzzy
topology on X on computation, the fuzzy nowhere dense sets in (X,T), are — a,1- B,1- 8,1— avp,1— avd, 1- BV, 1— BAS,1— aVv(BAS ), 1-
BV(and), 1- dV(arp), 1— aA( BVS ),1— BA( aVvd),l— dA(aVp), 1— aA(PAS),1-A,1—y,1-n, 1-u and 1-c and 1- aA(BAJ) is a fuzzy first
category set in (X,T). The fuzzy pseudo open sets in (X, T) are 1 — [aA(BAD)], aV,BVE,[dV(aABR)], W, v, 0, o, and ®. Then aVvd V BVE V
[6V(arB)]VuVAVYyYVoVn#1 and thereis not a fuzzy pseudo Lindel6f space in (X, T).
Proposition 3.5: If (X,T) is a fuzzy pseudo Lindelof and fuzzy hyperconnected space, then (X,T) is a fuzzy simply Lindelof space.
Proof: Let {Ao}«ca be a cover of X by fuzzy pseudo open sets in (X,T). Then, Vo ca {Aa} = 1,in (X,T). Since (X,T) is a fuzzy
hyperconnected space, by theorem 2.1, the fuzzy pseudo open sets {Aq}’s are fuzzy simply open sets in (X,T). Thus Vo ea {A} = 1,
implies that {A.}.cabe a cover of X by fuzzy simply open sets in (X, T). Since (X,T) is a fuzzy pseudo Lindelof space, the cover {Ao}oca
of X by fuzzy pseudo open sets has a countable subcover {4, }nn of X. That is,Vn e n{Aq, }= 1 in (X,T). Also since (X,T) is a fuzzy
hyperconnected space, the fuzzy pseudo open sets ({44, }n < n)’s are fuzzy simply open sets in (X,T). Thus the cover {Ao}qca Of X by
fuzzy simply open sets has a countable subcover {4, }nn implies that (X,T) is a fuzzy simply Lindelof space.
Proposition 3.6: If Voeca{le} =1, where {Aq}’s are fuzzy simply open sets in a fuzzy hyperconnected and fuzzy pseudo Lindelof space,
then Vinen{Ag, }= 1, where {4, }’s are fuzzy resolvable sets in (X,T).
Proof: Suppose that Vo e a{re} = 1, Where {A,}’s are fuzzy simply open sets in (X,T). Since (X,T) is fuzzy pseudo Lindelof and fuzzy
hyperconnected space, by proposition.3.2, (X,T) is a fuzzy simply Lindelof space and hence for the cover {Aq}aeca Of X by fuzzy simply
open sets, there exists a countable subcover {4, }nen 0f X. That is, Vi en{Aq,}= 1 in (X,T). Also since the fuzzy simply open sets are
fuzzy resolvable sets in (X,T), by theorem 2.3, Vi cn{A¢, }= 1, Where {4, }’s are fuzzy resolvable sets in (X,T).
Proposition 3.7: If (X,T) is a fuzzy pseudo Lindelof and fuzzy strongly irresolvable space, then (X,T) is a fuzzy simply Lindelof space.
Proof: Let {As}o s be a cover of X by fuzzy pseudo open sets in (X,T). Then, Vaea {A} = 1, in (X,T). Since (X,T) is a fuzzy strongly
irresolvable space, by theorem 2.1, the fuzzy pseudo open sets {Aq}’s are fuzzy simply open sets in (X,T). Thus Vaea {A} = 1, implies
that {A«}o be a cover of X by fuzzy simply open sets in (X,T). Since (X,T) is a fuzzy pseudo Lindelof space, the cover {Ao}aca Of X by
fuzzy pseudo open sets has a countable subcover {4, }ncn Of X. That is, Vnen{dq, } = 1 in (X,T). Also since (X,T) is a fuzzy strongly
irresolvable space, the fuzzy pseudo open sets {4, }’s are fuzzy simply open sets in (X, T). Thus the cover {A.}uca Of X by fuzzy simply
open sets has a countable subcover {4, }nen implies that (X, T) is a fuzzy simply Lindelof space.
Proposition 3.8: If (X,T) is a fuzzy pseudo Lindelof and fuzzy strongly irresolvable space, then (X,T) is a fuzzy second category space.
Proof: Let (X,T) be a fuzzy pseudo Lindelof and fuzzy strongly irresolvable space. Then, by proposition 3.3, (X,T) is a fuzzy simply
Lindelof space and hence by theorem 2.5, (X,T) is a fuzzy second category space.
Proposition 3.9: If ({A}aca)’s are fuzzy pseudo open sets such that Vi eafhe} = 1, in a fuzzy pseudo Lindelof space (X,T) in which
fuzzy first category sets are dense, then Vncn {44,}= 1, where c{4,, }=1, in (X,T).
Proof: Let (X,T) be a fuzzy pseudo Lindelof space. Then for the cover {Ao}aca Of X by fuzzy pseudo open sets in (X,T), there exists a
countable subcover {14, }nen 0f X by fuzzy pseudo open sets. That is, Vi en{dq, }= 1 in (X,T). Since {4, } ’s are fuzzy pseudo open sets
in (X,T), A¢, = (Ha,V Oq,), Where {u, }’s are non zero fuzzy pseudo open sets and {8, }’s are fuzzy first category sets in (X,T). By
hypothesis cl{4,,}= 1, in (X,T). Now, cl(4,,) = ¢l (hg,V b4,) = Cl(ig,) V ¢l (8q,) = He,V 1= 1, and hence cl(A,,) = 1. Thus Vo en
{4, }= 1, where c{4,,}= 1, in (X,T).
Proposition 3.10 : If V. ca{Aa} =1, where {A,}’s are fuzzy pseudo open sets in a fuzzy hyperconnected and fuzzy pseudo Lindelof
space, then Vien {44, }= 1, where {4, }’s are fuzzy resolvable sets in (X,T).
Proof: suppose that Vo ca{Aa} = 1, where {A,}’s are fuzzy pseudo open sets in (X,T). Since (X,T) is a fuzzy pseudo Lindelof space, the
cover {Ao}aca Of X by fuzzy pseudo open has a countable sub cover {4, }ncn 0f X by fuzzy pseudo open sets in (X, T). That is, Vn
n{Aq,} = 1 in (X,T). Also since (X,T) is a fuzzy hyperconnected space, the pseudo open sets {4, _}’s are fuzzy resolvable sets in
(X,T).Thus Vnen {Aq, }= 1, where {4, } s are fuzzy resolvable sets in (X,T).
Proposition 3.11: If int(Va c a{A}) = 0, where {A,}’s are fuzzy pseudo Lindelof and fuzzy hyperconnected space (X,T), then (X,T) is a
fuzzy Baire space.
Proof: suppose that int( Vaca {Aa}) = 0, where {A}’s are fuzzy pseudo Lindelof and fuzzy hyperconnected space (X,T). Then, by
proposition.3.6, {A,}’s are fuzzy resolvable sets in (X,T).By hypothesis, int(Va ca {Aa}) = 0, where {A,}’s are fuzzy resolvable sets in
(X,T).Then, by theorem 2.4, (X,T) is a fuzzy Baire space.
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